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Chapter 1
Introduction
1.1 Interstellar dust in galaxies
The Hubble classication, in its simplest form, subdivides the class of galaxies into two subclasses, the
disc galaxies and the ellipticals. The former were quickly recognized as the complicated systems that
they are, with a mix of stellar populations and huge amounts of interstellar matter, whereas the latter
were long assumed to be simple smooth conglomerates of stars only. One could be inclined to state
that, if dust extinction plays any signicant ro^le, it had to be in disc galaxies. . .
1.1.1 Interstellar dust in disc galaxies
The rst major investigation of the optical depth of disc galaxies was the legendary study of Holm-
berg (1958), who applied the surface brightness-inclination test to a set of disc galaxies, and concluded
that these systems are generally optically thin. His study has had an enormous inuence on extragalac-
tic astronomy, until its results were questioned by Disney et al. (1989), who showed that the Holmberg
data are also consistent with optically thick galaxy models. Since then, the amount of interstellar dust
in disc galaxies has continuously been a subject of debate. The most widely supported idea is that
spiral galaxies are moderately optically thick in their central regions (a face-on optical depth of order
unity in the V band), and optically thin in the outer regions. Evidence in favor of this idea is given
by statistical studies (Giovanelli et al. 1994, Boselli & Gavazzi 1994, Buat & Xu 1996, Xu et al. 1997,
Buat & Burgarella 1998), studies of the extinction of background galaxies or galaxies in overlapping
pairs (White & Keel 1992, Berlind et al. 1997, Ronnback & Shaver 1997, Pizagno & Rix 1998, White
et al. 2000), and detailed modeling of the extinction in individual galaxies (Jansen et al. 1994, Ohta
& Kodaira 1995, Xilouris et al. 1997, 1998, 1999, Kuchinski et al. 1998). However, there is still no
consensus, and other authors claim that spiral galaxies are optically thick all over their disc (Valentijn
1990, 1994, Burstein et al. 1991, James & Puxley 1993, Bottinelli et al. 1995). Moreover various
arguments and facts complicate the issue. Firstly, it is a gross simplication to talk about the opacity
of spiral galaxies, because there can be a large dierence in opacity between arm and interarm regions
(White et al. 2000). Secondly, the spatial distribution of the dust has to be taken into account, and
the jury is still out on this. Because edge-on disc galaxies often have well-dened dust lanes, it is
straightforward to assume that the dust in disc galaxies is more concentrated towards the central plane.
Xilouris et al. (1997, 1998, 1999) constructed accurate radiative transfer models for a set of edge-on
disc galaxies, and found that the dust scaleheight is approximately half the stellar scaleheight, whereas
the dust scalelength is on average 1.5 times larger than the stellar scalelength. However, recent resolved
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far-infrared observations may indicate the presence of an additional cold dust component which has
a far more extended distribution, both in our Galaxy (Davies et al. 1997) as in external disc galaxies
(Alton et al. 1998a, 1998b, Davies et al. 1999, Trewhella et al. 2000).
1.1.2 Interstellar dust in elliptical galaxies
In the meanwhile, it has become well-established that also early-type galaxies are no simple pure stellar
systems, and that they contain a considerable amount of interstellar dust. In the optical, dust is detected
in ellipticals by its obscuration eects on the light distribution, when it is present in the form of dust
lanes and patches (e.g. Sadler & Gerhardt 1985, Veron-Cetty & Veron 1988, Goudfrooij et al. 1994,
van Dokkum & Franx 1995, Ferrari et al. 1999, Tomita et al. 2000, Tran et al. 2001). In emission,
dust is detected by the IRAS satellite in the 60 and 100m wavebands (Knapp et al. 1989, Roberts et
al. 1991). In a comparative analysis, Goudfrooij & de Jong (1995) show that the dust masses derived
from FIR data are about a factor of ten higher than those calculated from optical data. Using a more
detailed dust mass estimator which includes a temperature distribution for the dust grains (Kwan &
Xie 1992), Merluzzi (1998) shows that Goudfrooij & de Jong (1995) still underestimated the FIR dust
masses by a factor of up to six. Also submillimeter observations (Fich & Hodge 1991, 1993, Wiklind &
Henkel 1995), that may be able to detect the cold dust for which IRAS is insensitive (T < 25K), suggest
that the dust masses could be up to an order of magnitude higher than observed from FIR observations
alone. This dierence between the absorption and emission dust masses in elliptical galaxies is called
the dust mass discrepancy. It cannot be solved by a more critical reconsideration of the IRAS data
(Bregman et al. 1998), nor by corrections for the optical absorption in the dust lanes (Merluzzi 1998)
nor by taking into account the dust recently ejected from evolved stars (Tsai & Mathews 1996). The
most plausible way to solve this discrepancy is to assume that the interstellar dust medium in ellipticals
consists of (at least) two components: a lesser massive one which is optically visible in the form of
dust lanes and patches, and a more massive one which is distributed diusely and is hard to detect
optically. A possible way to trace this component is through colour gradients. Wise & Silva (1996)
tried to recover the amount and the spatial distribution of diuse dust by tting radiative transfer
models to colour gradients, and they obtained optical depths of order unity, and a dust distribution
that is shallower than the stellar distribution. However, they admit that colour gradients are diÆcult to
interpret because they can be a combination of dust extinction, age and metallicity gradients. Another
way to trace the diuse dust is by direct observation at near-infrared and submillimeter wavelengths,
but this is technically diÆcult. Preliminary results include the detection of an extended, very cold dust
component in the dwarf elliptical NGC 205 (Haas 1998), and of warm dust in the central regions of the
Seyfert I S0 galaxy NGC3998 (Knapp et al. 1996). A larger imaging database of early-type galaxies
at FIR and submillimeter wavelengths would improve our knowledge signicantly. Pilot observations
in a programme to look for cold, diusely distributed dust in ellipticals using high resolution SCUBA
imaging were not decisive (Leeuw et al. 2000).
1.1.3 Why is dust important ?
Interstellar dust forms only a tiny fraction of the total amount of matter in galaxies. Nevertheless it
plays an important ro^le in various domains, ranging from interstellar chemistry over stellar mass loss to
obscuration of the background universe. In this thesis we will concentrate on one of the most obvious
eects of interstellar dust, the so-called attenuation. In order to study the structure of galaxies, it
is necessary to obtain their intrinsic three-dimensional light distribution, i.e. to deproject their two-
dimensional image. This deprojection is complicated by the eects of interstellar dust, which aect
the radiation eld on its way through the galaxy. Indeed, the photons will interact with the dust
grains through the physical processes of absorption and scattering, which we call attenuation. Various
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authors have demonstrated that dust attenuation has considerable eects on photometric properties
such as magnitudes, colors and scalelengths (Witt et al. 1992, Byun et al. 1994, Corradi et al. 1996).
These eects are of a complicated nature, and are not simply proportional to the optical depth of the
galaxy. An accurate investigation of the structure of galaxies hence requires sophisticated deprojection
techniques that take dust attenuation into account.
1.2 The radiative transfer equation
The starting point for a deprojection technique that actually takes dust attenuation into account is the
radiative transfer equation (RTE), which describes in a statistical way the interaction between matter
and radiation. In chapter 2 we describe some general properties of the RTE, and discuss a number of
assumptions we will make in the remainder of this thesis.
From a mathematical point of view, the radiative transfer problem is a well-dened problem. It requires
as input a precise knowledge of the optical properties of the dust grains, the opacity (the total amount
and the spatial distribution of the dust) and the emissivity (the spatial and energy distribution of the
stars). If a convenient algorithm is found to solve the RTE, the output is the projected image on the
plane of the sky, and consequently photometric properties as the magnitudes and scalelengths can be
derived. But usually the problem is the reverse. Given the observed image on the plane of the sky, can
we recover the three-dimensional distribution of stars and dust ? The most straightforward way to solve
this problem is to assume a certain parametrized model for the galaxy, containing a stellar and a dust
component, solve the RTE for each set of parameters, and select the model that ts the observations
best. Such a modelling procedure demands a large number of RTE solutions, because the parameter
space has to be suÆciently large in order to produce realistic models. It is clear that eÆcient algorithms
to solve the RTE are necessary.
1.2.1 Solving the RTE exactly
The complexity of the RTE depends strongly on the symmetries of the considered system, i.e. on
the number of coordinates necessary to describe the radiation eld. In particular, the RTE simplies
considerably in a plane-parallel or a spherically symmetric environment. However, even in these very
simple geometries, the RTE is a fairly complicated integro-dierential equation, for which no standard
analytical solution methods exist. Many eorts have been spent to develop methods to solve the RTE
numerically, and every method will have its advantages and disadvantages. On the one hand, every
approach has its proper physical background, and the selection of a certain algorithm can be useful to
gain physical insight into the problem. On the other hand, computational and practical considerations
can be motives to prefer one method above another. However, these considerations are often based
on general truths without a quantication. For example, it is generally accepted that Monte Carlo
methods are costly, but how costly in respect with other methods ? It is important to be able to
estimate how a certain solution method scores in terms of accuracy, eÆciency and exibility. According
to one's specic interest (e.g. the development of a tool for statistical studies of attenuation, or the
construction of detailed radiative transfer models for individual galaxies), one of these properties may
be more important than another. Knowing the relative performance of the dierent methods is then
useful to select the most suitable candidate for the problem.
A quantitative comparison of the dierent methods used in the literature is diÆcult, because of the
diering assumptions, approximations and accuracy requirements which are adopted by the various
authors. In order to answer these questions, we consider four of the most important methods to solve
the RTE, and apply them all to one particular radiative transfer problem. We restrict ourselves to
a one-dimensional plane-parallel geometry, however with absorption and multiple scattering properly
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accounted for. Moreover, all of these methods allow an arbitrary vertical distribution of stars and dust,
and an arbitrary scattering phase function, such that they can serve as a rst approximation to model
large portions of galactic discs. In chapter 3 we describe the adopted methods, and in chapter 4 we
apply them to a representative disc galaxy model, in order to investigate their accuracy, eÆciency and
exibility.
1.2.2 Simplifying the RTE
As already indicated, it is often very time-consuming, and therefore next to unfeasible, to solve radiative
transfer problems exactly. Therefore, it would be very useful if we could simplify the RTE in any way. A
rst way to simplify the RTE is rather obvious: neglect the scattering term, which is responsible for the
integro-dierential character of the RTE (Christensen 1990, Jansen et al. 1994, Ohta & Kodaira 1995).
Another option is an approximation of the scattering term, by either forward or approximate isotropic
scattering, or a combination of both (Natta & Panagia 1984, Guiderdoni & Rocca-Volmerange 1987,
Calzetti et al. 1994). However, already more than a decade ago, Bruzual et al. (1988) advocated the
need for a proper inclusion of scattering in radiative transfer calculations. Several other authors have
since then re-iterated these warnings, in particular Witt et al. (1992). It is obviously important to
know the errors introduced on the attenuation curve by the various approximate solution techniques,
but these have never been clearly determined. Either the approximate solutions are simply adopted
without concern about the errors, or the errors are estimated for very simple galaxy models, such as
homogeneous slabs or sandwich models (Bruzual et al. 1988, Di Bartolomeo et al. 1995). To make
things worse, Disney et al. (1989) showed that the geometry of the stellar and dust distribution strongly
determines the observed radiation eld (without including the eects of scattering however). Lack of
knowledge about the geometry can thus also introduce signicant errors on the attenuation of galaxies.
In chapter 5 we address these issues, using the four RTE solution methods described in chapter 3. First
we apply them to a disc galaxy model with a realistic vertical structure, and compare the exact radiation
eld with that obtained by using the various approximate solutions. This allows us to quantify the errors
introduced by the dierent approximations, and the importance of properly included scattering. And
second, we apply these methods to a family of realistic galaxy models that can accomodate a wide
range in distribution of stars and dust. This allows us to investigate the inuence of the geometry of
the stellar and dust components on the attenuation curve, without simplifying assumptions on the RTE
such as the neglect of scattering.
1.3 Interstellar dust and galaxy kinematics
Dust attenuation does not only aect the projection of the light distribution, it aects the projected
kinematics too. Indeed, just like every individual star at a line-of-sight will contribute to the surface
brightness at that line-of-sight, it will also contribute to the projected kinematics by contributing its
line-of-sight velocity to the line-of-sight velocity distribution (LOSVD). That these LOSVDs will also
be aected by dust attenuation can easily be shown. Consider a galaxy where the central regions are
completely opaque, and the outer regions are transparent. Obviously, the light prole of the galaxy
will be severily aected by the dust. But also the observed kinematics at the central lines-of-sight will
be aected, because the photons from the high velocity stars in the centre of the galaxy cannot reach
the observer and hence these stars do not contribute to the LOSVDs, which will therefore be biased
towards lower line-of-sight velocities. If we try to recover the velocity structure of the galaxy from these
LOSVDs without corrections for the dust, considerable errors can be made.
A number of people have tried to include the eect of dust attenuation on the observed kinematics, in
particular on the apparent rotation curve, in order to extract information about the opacity of galaxies.
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Davies (1990) argued that the eects of dust absorption on the observed optical rotation curve of disc
galaxies can lead to a severe underestimation of the true rotational velocity in the inner regions, and
that this eect can reduce or even eliminate the need for dark matter within the optical radius. Bosma
et al. (1992) demonstrated how dust absorption can aect the observed rotation curve of edge-on disk
galaxies, and argued that the comparison of the optical (dust-aected) and the Hi rotation curves can
be used as a new opacity test. Applying this opacity test to the edge-on galaxy NGC891, they found
that at least the outer regions of this galaxy must be optically thin. In a similar way, Prada et al. (1994)
measured the ionised gas rotation curve of the inclined galaxy NGC2146 at dierent wavelengths. They
found a few discrepancies between the H and the near-IR [Siii] rotation curves in the centre of the
galaxy, which they could attribute to a dust lane, and a nice agreement between the rotation curves in
the outer regions of the galaxy. Whence they concluded that NGC2146 has to be largely transparant in
its outer regions. Very recently, Matthews & Wood (2001) argued that the impact of dust extinction
on the observed rotation curves in disc galaxies is modest, and that projection eects create a far larger
uncertainty in recovering the true underlying rotation curve shape of edge-on galaxies.
We decided to embark on a systematic investigation of the eects of both dust absorption and scattering
on the observed kinematics of elliptical galaxies. If these eects are non-negligible, they are of particular
importance in stellar dynamics. The ultimate purpose of stellar dynamics is the determination of the
distribution function (DF) F (r;v), describing the entire dynamical structure, and this DF is usually
constructed by ts to the light prole and the projected kinematics. It is hence obviously important to
examine to which extent these are aected by dust obscuration. In this study, we will concentrate on
elliptical galaxies. On the one hand, we do this for sake of simplicity: it is much easier to construct a
(representative) dynamical model for ellipticals than for disc galaxies. On the other hand our preference
for ellipticals is driven by the fact that stellar kinematics are probably more important for ellipticals than
for disc galaxies. Indeed, because of the lack of large amounts of Hi or ionized gas, stars are the most
important kinematic tracers of ellipticals, whereas the overall kinematics of disc galaxies can be more
easily constrained by the Hi gas, which extends to much larger distances and does not suer from dust
extinction.
In chapter 6 we briey introduce the basics of stellar kinematics and we describe the major characteristics
of the Plummer galaxy model (Dejonghe 1987). We will adopt this model throughout this thesis to
represent a typical elliptical galaxy, although its light prole does not t the observed light proles of
elliptical galaxies. But the Plummer galaxy model has the huge advantage that most of its kinematics
can be described completely analytically, and that it accomodates an entire range of possible orbital
structures. Because the aim of this thesis is to qualitatively investigate the eects of dust attenuation
on the projected kinematics, rather than to provide a detailed description of the kinematic structure of
ellipticals, the Plummer model will suÆce for our needs. In chapter 7 we describe how dust absorption
aects the projected kinematics. We add a dust component to the Plummer model, and we investigate
the eects on the light prole and on the LOSVDs. As already indicated, it is important to know these
eects, because the dust-aected observables will be used as input in any modelling procedure, and if
the eects of dust are not taken into account, it turns out that serious errors can be made in the model
of the galaxy. We test this in chapter 8, where we model sets of photometric and kinematic data,
aected by dust absorption, without explicitly taking dust into account in the modelling procedure.
Finally, in chapter 9 we include scattering in our modelling procedure, and we determine the eects on
the light prole and the LOSVDs. We discuss the impacts this has on elliptical galaxy dynamics, and
in particular concerning the stellar dynamical observational evidence for the existence of dark matter
haloes around ellipticals.
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Part I
Radiative transfer
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Chapter 2
The radiative transfer equation
2.1 Introduction
The starting point of any work that relates to dust attenuation is the RTE, which describes in a
statistical way the interaction between matter and radiation. In this introductory chapter we review
some basic properties of the general RTE, and we describe which physical processes we will take into
account and which optical dust parameters we will adopt in the remainder of this thesis. Radiative
transfer is the subject of many excellent handbooks (e.g. Chandrasekhar 1960, Mihalas 1978, Rybicki
& Lightman 1979, Shu 1991), and for more details we refer to these works.
2.2 General form of the RTE
2.2.1 Macroscopic denition
The basic quantity to describe the radiation eld in a macroscopic or statistical way is the specic
intensity I(r;v; t; ). It is dened such that the amount of energy, carried by photons with wavelength
within an interval d around , propagating through an element of area dS at the position r, into a
solid angle dn round the direction n in a time interval dt equals
dE = I(r;n; t; ) dS cos  dn d dt; (2.1)
where  is the angle between the direction n and the normal to the element dS. On its way through a
medium lled with matter, the radiation will interact with the material, i.e. energy can be added to or
removed from the radiation eld, due to dierent emission and extinction processes. These processes
can be characterized by macroscopic coeÆcients. Consider an element of material of cross-section dS
and length ds at the position r and a solid angle dn round the direction n. The emissivity (r;n; t; )
is dened such that the amount of radiative energy with wavelength within an interval d around 
released from this element of material in a time interval dt equals
dE = (r;n; t; ) ds dS dn d dt (2.2)
On the other hand, the amount of radiative energy with wavelength within an interval d removed from
the radiation eld when passing through this element of material will be proportional to the strength
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of the radiation eld I(r;n; t; ). The proportionality constant is isotropic (i.e. independent of the
direction n), and is called the opacity (r; t; ),
dE = (r; t; ) I(r;n; t; ) ds dS dn d dt: (2.3)
Now consider a position r and a direction n. If we calculate the net amount of energy that is added
to the radiation eld into the solid angle dn, when passing through a volume element of length ds and
cross section dS perpendicular to the direction n, we nd on the one hand
dE = [(r;n; t; )  (r; t; ) I(r;n; t; )] ds dS dn d dt: (2.4)
On the other hand, the net amount of energy can be expressed by the dierence between the intensities
at the begin point r at time t, and at the end point r + dr at time t + dt. Because dr and dt are
related to the path length by ds = jdrj = cdt, we can write
dE = [I(r + dr;n; t+ dt; )  I(r;n; t; )] dS dn d dt
=

1
c
@I
@t
(r;n; t; ) +
@I
@s
(r;n; t; )

ds dS dn d dt: (2.5)
Comparing these two expressions we nd the standard expression for the RTE,

1
c
@
@t
+
@
@s

I(r;n; t; ) = (r;n; t; )  (r; t; ) I(r;n; t; ): (2.6)
2.2.2 The RTE as a Boltzmann equation
As radiative energy is carried by photons, we can also describe the transfer of radiation as a ow of parti-
cles. The fundamental quantity in kinetic theory is the phase-space distribution function f(r;v; t) dr dv,
which at a time t, gives the number of photons dN in an innitesimal phase-space volume dr dv. The
evolution of such a distribution function is described by the Boltzmann equation,

@
@t
+
_
r 
@
@r
+
_
v 
@
@v

f(r;v; t) =
df
dt
(r;v; t)




coll
; (2.7)
which states that the net change of number of particles in a phase-space volume element is only due to
collisions of the particles. Under inuence of continuous, smooth forces a phase-space element dr dv will
be deformed as time evolves, but its volume will remain constant. Hence all particles originally in that
phase-space element, will remain there. If collisions occur however, they may move discontinuously
between the phase-space elements, which means that the particle density at a certain phase-space
element can change, whereas the neighboring phase-space elements don't feel any change.
Now consider the Boltzmann equation for photons. Photons move on straight lines with the speed of
light, v = cn, such that we can characterize a point in velocity space by a direction n, i.e. velocity
space is only two-dimensional. We can thus dene the photon distribution function f

(r;n; t) dr dn d
as the number of photons with wavelength within the interval d, in a volume element dr, propagating
into a solid angle dn round n. We can immediately nd the connection between the intensity and the
photon distribution function by considering an element of area dS, and counting the number dN of
photons crossing this area into the solid angle dn in a time dt. Because the volume element \seen" by
the photons is dr = dS c dt cos , we nd
dN = f

(r;n; t) dS c dt cos  dn d: (2.8)
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The energy of each photon is hc= and the amount of energy transported through the element is thus
dE =
hc
2

f

(r;n; t) dS cos  dn d dt: (2.9)
Comparing this with equation (2.1) we nd the relation
I(r;n; t; ) =
hc
2

f

(r;n; t): (2.10)
Now we can consider the Boltzmann equation for photons. The analogue here for collisions, i.e. the
discontinuous forces acting upon the photons, are interactions with the material. The net number
of photons introduced into a volume element is the net amount of energy divided by the energy per
photon, or thus
df

dt
(r;n; t)




coll
=

hc
h
(r;n; t; )  (r; t; ) I(r;n; t; )
i
: (2.11)
Combining this with the expressions (2.7) and (2.10) we nd for the Boltzmann equation for photons

hc
2

@
@t
+
_
r 
@
@r
+
_
v 
@
@v

I(r;n; t; ) =

hc
h
(r;n; t; )  (r; t; ) I(r;n; t; )
i
; (2.12)
or, using
_
r = v = cn,

1
c
@
@t
+ n 
@
@r
+
_
n 
@
@n

I(r;n; t; ) = (r;n; t; )  (r; t; ) I(r;n; t; ): (2.13)
If we work in an inertial coordinate frame, the direction n has xed coordinates along a path, and the
last term on the left-hand side vanishes. The RTE then becomes
1
c
@I
@t
(r;n; t; ) + n 
@I
@r
(r;n; t; ) = (r;n; t; )  (r; t; ) I(r;n; t; ): (2.14)
In various textbooks (e.g. Mihalas 1978, Cannon 1985, Shu 1991) this expression is considered as the
general expression for the RTE. However, it is only valid for inertial coordinate frames; in an arbitrary
coordinate system, the coordinates of n might vary along the path, such that
_
n diers from zero.
Generally, equation (2.13) should be used. Particularly for cylindrical or spherical coordinate systems,
this is the case, as we will illustrate in section 2.3.
2.2.3 Some general assumptions
Generally the intensity is a function of 7 independent variables: wavelength, time, three position co-
ordinates and two direction coordinates. We shall make two general assumptions which simplify the
transfer problem. Firstly, our goal is to apply the RTE to calculate the radiation eld in galaxies. The
time scale at which photons travel trough a galaxy, is much smaller that the time scale at which the
structure of the galaxy changes. Therefore we can assume that the RTE is time-independent. Secondly,
we shall assume that the dust grains have the same optical properties all over the galaxy, although it
has been shown that the physical properties of dust grains in dierent environments can vary (Witt et
al. 1984, Mathis & Cardelli 1992). We will also assume that the scattering o dust grains is coherent,
i.e. that there is no change in wavelength during the scattering processes (see section 2.4). With these
assumptions, the RTE can be solved for each wavelength separately, such that  can be considered as
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a parameter rather than as a real variable. In the remainder of this thesis we will omit each reference
to the specic wavelength dependence.
Due to these assumptions, we can write the RTE as
dI
ds
(r;n) = (r;n)  (r) I(r;n); (2.15)
or as

n 
@
@r
+
_
n 
@
@n

I(r;n) = (r;n)  (r) I(r;n): (2.16)
Still this is a partial dierential equation which contains ve partial derivatives. Moreover, the term
(r;n) can contain a contribution of scattering, and can thus be a function of the intensity I(r;n)
itself, turning the RTE into a partial integro-dierential equation.
2.3 The RTE in special coordinate systems
If we consider a specic radiative transfer problem, it is often possible to simplify the RTE signicantly,
by choosing the most suitable coordinate system. On symmetry grounds, some of the partial derivatives
in the RTE then vanish. In this section we will derive a specic form of the RTE in cartesian, spherical
and cylindrical coordinates. Besides yielding practical results, these derivations will also illustrate that
the two specic forms of the RTE are equivalent, and in particular that the general expression (2.13)
has to be used instead of (2.14).
2.3.1 Cartesian coordinates
In cartesian coordinates, a position is determined by its coordinates (x; y; z), and a direction n can be
characterized by the couple (; ), which are the polar angle and azimuth relative to the coordinate
system (e
x
; e
y
; e
z
). We have thus
n = sin  cos e
x
+ sin  sin e
y
+ cos  e
z
(2.17)
In order to nd an explicit expression for the operator d=ds, we write
d
ds
=
dx
ds
@
@x
+
dy
ds
@
@y
+
dz
ds
@
@z
+
d
ds
@
@
+
d
ds
@
@
: (2.18)
In order to calculate this operator we hence need to determine in which way the ve variables change
along the path. Consider at r an innitesimal vector ds along the path. On the one hand we can write
this vector as
ds = dx e
x
+ dy e
y
+ dz e
z
: (2.19)
and on the other hand we have
ds = dsn = sin  cos ds e
x
+ sin  sin ds e
y
+ cos  ds e
z
; (2.20)
such that
dx
ds
= sin  cos (2.21)
dy
ds
= sin  sin (2.22)
dz
ds
= cos : (2.23)
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Because the cartesian reference system is inertial, the components of the vector n will remain constant
along the path, and hence
d
ds
= 0 (2.24)
d
ds
= 0: (2.25)
Combining these results we obtain
d
ds
= sin  cos
@
@x
+ sin  sin
@
@y
+ cos 
@
@z
: (2.26)
Calculating the Boltzmann operator we immediately nd
_
n = 0, and
n 
@
@r
+
_
n 
@
@n
= sin  cos
@
@x
+ sin  sin
@
@y
+ cos 
@
@z
; (2.27)
which corresponds to (2.26). In cartesian coordinates, the RTE hence becomes

sin  cos
@
@x
+ sin  sin
@
@y
+ cos 
@
@z

I(x; y; z; ; ) =
(x; y; z; ; )   (x; y; z) I(x; y; z; ; ): (2.28)
The use of cartesian coordinates is particularly useful when the system under consideration has a plane-
parallel geometry. Then the dependencies on x, y and  vanish, and the RTE becomes

@I
@z
(z; ) = (z; )  (z) I(z; ); (2.29)
where we introduced  = cos . In a rst approximation, plane-parallel symmetry can be assumed to
describe large portions of disc galaxies. Many articles describing the extinction eects in disc galaxies
are based on (locally) plane-parallel radiative transfer calculations (Bruzual et al. 1988, Di Bartolomeo
et al. 1994, Corradi et al. 1996, Xu & Helou 1996).
2.3.2 Cylindrical coordinates
In cylindrical coordinates a position is determined by the triplet (R;; z), where R is the perpendicular
distance to the z-axis and  is the azimuth. A direction n at the position r is determined by the couple
(; ), which are the polar angle and azimuth, relative to the local coordinate system (e
R
; e

; e
z
) at
r. Whence
n = sin  cos e
R
+ sin  sin e

+ cos  e
z
: (2.30)
First we calculate the operator d=ds, which can be written as
d
ds
=
dR
ds
@
@R
+
d
ds
@
@
+
dz
ds
@
@z
+
d
ds
@
@
+
d
ds
@
@
: (2.31)
If we consider an innitesimal vector ds along the path, and, as in the previous paragraph, write it in
two ways, we obtain
ds = dR e
R
+R d e

+ dz e
z
: (2.32)
ds = dsn = sin  cos ds e
R
+ sin  sin ds e

+ cos  ds e
z
; (2.33)
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Figure 2.1: A projection of the path of a photon on the xy-plane, in cylindrical coordinates. The gure shows
that d =  d.
such that
dR
ds
= sin  cos (2.34)
d
ds
=
sin  sin
R
(2.35)
dz
ds
= cos : (2.36)
Contrary to cartesian coordinates, a cylindrical reference frame is not inertial, and we have to examine
the rate at which the angles  and  change along the path. At each point r along the path, the
polar angle  will give the angle between the direction n on the path and the local e
z
vector. Because
both the vectors e
z
and n are independent of the position on the path, the polar angle  will remain
invariable along the path, we nd
d
ds
= 0: (2.37)
On the other hand, the azimuth  is the angle between the unit vector e
R
and the component of n
perpendicular to the z-axis. As the photons move along their path, the direction of the vector e
R
, and
therefore the azimuth  will change. This is illustrated in gure 2.1, where a projection on the xy-plane
is shown. This gure learns that d =  d: they have the same magnitude and opposite sign. We
hence nd that
d
ds
=  
sin  sin
R
: (2.38)
Substituting these results in (2.31) we nd for the operator d=ds in cylindrical coordinates,
d
ds
= sin  cos
@
@R
+ cos 
@
@z
+
sin  sin
R

@
@
 
@
@

: (2.39)
We will check whether we can nd the same expression for Boltzmann operator. In cylindrical coordi-
nates, the Boltzmann operator can generally be written as (Binney & Tremaine 1987, p. 194)
n 
@
@r
+
_
n 
@
@n
= n
R
@
@R
+
n

R
@
@
+ n
z
@
@z
+
n
2

R
@
@n
R
 
n
R
n

R
@
@n

(2.40)
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In this expression we want to eliminate the variables (n
R
; n

; n
z
) in favor of the pair (; ). Equa-
tion (2.30) learns that
n
R
= sin  cos (2.41)
n

= sin  sin (2.42)
n
z
= cos : (2.43)
Because  and  are the polar angle and the azimuth of n relative to the reference frame (e
R
; e

; e
z
),
the correct inversion of these equations is
 = arccosn
z
(2.44)
 = arctan (n

=n
R
); (2.45)
and the chain rule yields
@
@n
R
=
@
@n
R
@
@
=  
sin
sin 
@
@
(2.46)
@
@n

=
@
@n

@
@
=
cos
sin 
@
@
: (2.47)
@
@n
z
=
@
@n
z
@
@
=
1
sin 
@
@
: (2.48)
Introducing these formulae into the expression (2.40) we nd for the Boltzmann operator
n 
@
@r
+
_
n 
@
@n
= sin  cos
@
@R
+ cos 
@
@z
+
sin  sin
R

@
@
 
@
@

: (2.49)
This is exactly the same expression as equation (2.50), as desired. The time-independent RTE in
cylindrical coordinates can nally be written as

sin  cos
@
@R
+ cos 
@
@z
+
sin  sin
R

@
@
 
@
@

I(R;; z; ; ) =
(R;; z; ; )   (R;; z) I(R;; z; ; ): (2.50)
The use of cylindrical coordinates is useful when the system under consideration has axial symmetry.
Then all physical quantities, including the radiation eld, become independent of the azimuth . In
this case the fourth derivative in equation (2.50) vanishes and we obtain,

sin  cos
@
@R
+ cos 
@
@z
 
sin  sin
R
@
@

I(R; z; ; ) =
(R; z; ; )   (R; z) I(R; z; ; ): (2.51)
Axial symmetry is important to study the radiative transfer in disc galaxies. As a rst approximation,
plane-parallel symmetry can be assumed, but if the radial dependence of the light and dust distribution
in the galaxy has to be accounted for this assumption cannot hold anymore. Radiative transfer models
for disc galaxies in axial symmetry have been constructed by (amongst others) Kylas & Bahcall (1987),
Byun et al. (1994), Bianchi et al. (1996) and Wood (1997).
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Figure 2.2: A spherical triangle, useful for the calculation of the derivatives d=ds and d=ds in a spherical
geometry. The points N , P and Z are determined by the three units vectors n, e
r
and e
z
respectively.
2.3.3 Spherical coordinates
In spherical coordinates a position is characterized by the triplet (r;;), with  the polar angle and
 the azimuth. A direction n at the position r is characterized by the couple (; ), which now are
the polar angle and azimuth, relative to the local coordinate system (e

; e

; e
r
) at r,
n = cos  e
r
+ sin  cos e

+ sin  sin e

: (2.52)
The operator d=ds can now be written as
@
@s
=
dr
ds
@
@r
+
d
ds
@
@
+
d
ds
@
@
+
d
ds
@
@
+
d
ds
@
@
: (2.53)
Two expressions for an innitesimal vector ds along the path are
ds = dr e
r
+ r d e

+ r sin d e

(2.54)
ds = dsn = cos  ds e
r
+ sin  cos ds e

+ sin  sin ds e

: (2.55)
such that
dr
ds
= cos  (2.56)
d
ds
=
sin  cos
r
(2.57)
d
ds
=
sin  sin
r sin
: (2.58)
Remains to determine that rate at which  and  change along the path. Consider therefore gure 2.2,
where a spherical triangle is shown, determined by the three unit vectors n, e
z
and e
r
. Using the
innitesimal relations of spherical trigonometry, we obtain
d =   cos d  sin sin d (2.59)
d = cos  d  cos d (2.60)
d =   cos d + sin sin  d; (2.61)
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where we used that d
N
= d
N
= 0, because the vector n has xed coordinates to the (e
x
; e
y
; e
z
)-
reference system. Combining these with the relations (2.56)-(2.58) yields
d
ds
=   cos
d
ds
  sin sin
d
ds
=  
sin 
r
(2.62)
d
ds
=   cos
d
ds
+
cotg
sin
d
ds
+ cotg  cotg
d
ds
=  
sin  cos cotg
r
: (2.63)
We hence obtain
d
ds
= cos 
@
@r
+
sin  cos
r
@
@
+
sin  sin
r sin
@
@
 
sin 
r
@
@
 
sin  sin
r tan
@
@
(2.64)
The same expression can be derived using the Boltzmann operator. In spherical coordinates, the
Boltzmann operator can be written as (Binney & Tremaine 1987, p. 297)
n 
@
@r
+
_
n 
@
@n
= n
r
@
@r
+
n

r
@
@
+
n

r sin
@
@
+
n
2

+ n
2

r
@
@n
r
+
n
2

cotg  n
r
n

r
@
@n

 
n

(n
r
+ n

cotg)
r
@
@n

: (2.65)
To eliminate the components of n in favor of the angles  and , we can adopt similar formulae as in
the cylindrical case, with the substitution of (n
R
; n

; n
z
) by (n

; n

; n
r
). Doing so, and substituting
the results in (2.65) we obtain
n 
@
@r
+
_
n 
@
@n
= cos 
@
@r
+
sin  cos
r
@
@
+
sin  sin
r sin
@
@
 
sin 
r
@
@
 
sin  sin
r tan
@
@
; (2.66)
in agreement with the d=ds operator (2.64). The time-independent RTE in spherical coordinates can
thus generally be written as

cos 
@
@r
+
sin  cos
r
@
@
+
sin  sin
r sin
@
@
 
sin 
r
@
@
 
sin  sin
r tan
@
@
;

I(r;;; ; )
= (r;;; ; )   (r;;) I(r;;; ; ): (2.67)
This very complicated equation simplies substantially in the case of spherical symmetry, because all
dependencies on ,  and ' vanish. Setting  = cos  again, the RTE (2.67) reduces to

@I
@r
(r; ) +
1  
2
r
@I
@
(r; ) = (r; ) + (r) I(r; ); (2.68)
Many astrophysical systems can in rst approximation be considered spherically symmetric, e.g. ex-
tended stellar atmospheres, molecular clouds surrounding a star, and early-type galaxies. As a con-
sequence, many eorts have been spent to solve the RTE in a spherical geometry (Hummer &
Rybicki 1971, Cassinelli & Hummer 1971, Schmid-Burgk 1973, Witt 1977, Flannery et al. 1980,
Yorke 1980, Rowan-Robinson 1980, Peraiah & Varghese 1985, Wise & Silva 1996). We will adopt
the RTE in spherical symmetry to study the attenuation in elliptical galaxies in the second part of this
thesis.
18 Chapter 2. The radiative transfer equation
2.4 Sources and sinks in the radiative transfer process
We now have to specify the sources and sinks in our system, i.e. the processes that add photons to or
remove photons from the radiation eld.
2.4.1 Stellar emission, dust absorption and scattering
We will assume that photons are removed from the beam through absorption by dust grains, or through
scattering o dust grains. If we dene the absorption coeÆcient 
abs
(r) and scattering coeÆcient

sca
(r) as the probability that a photon, arriving at r will be absorbed or scattered respectively, we nd
that the opacity is the sum of these processes.
(r) = 
abs
(r) + 
sca
(r): (2.69)
On the other hand, photons can be added to the beam by stellar emission, which is isotropic, and
by scattering. We will neglect thermal emission of the dust grains, as this peaks at FIR wavelengths,
whereas we are primarily interested in the area between near-UV and near-infrared. We can therefore
write
(r;n) = `(r) + 
sca
(r;n): (2.70)
As already mentioned, we assume that the scattering is coherent, i.e. that there is no change in
wavelength during the scattering processes. Generally the distribution of the angles after a (coherent)
scattering process are described by a phase function (n;n
0
), which describes the probability that
a photon which comes from the direction n
0
will have n as its new direction. By convention it is
normalized as
ZZ
dn
0
4
(n;n
0
) = 1 for all n. (2.71)
The scattering emissivity 
sca
(r;n) is the total amount of radiation added to the radiation eld in the
direction n due to scattering from other directions n
0
. The amount of radiation which is scattered
from a solid angle dn
0
around n
0
at r equals 
sca
(r) I(r;n
0
) dn
0
, and the portion of this amount which
will be scattered into the direction n equals 
sca
(r) I(r;n
0
) (n;n
0
) dn
0
=4. The scattering emissivity
hence is

sca
(r;n) = 
sca
(r)
ZZ
dn
0
4
I(r;n
0
) (n;n
0
)
= ! (r)
ZZ
dn
0
4
I(r;n
0
) (n;n
0
); (2.72)
where we introduced the scattering albedo ! as
! =

sca
(r)
(r)
: (2.73)
Hereby we used the assumption that the properties of the dust are equal all over the galaxy, such that
the albedo is independent of the position r. A general form of the RTE will hence be
dI
ds
(r;n) = `(r)  (r) I(r;n) + ! (r)
ZZ
dn
0
4
I(r;n
0
) (n;n
0
): (2.74)
2.4. Sources and sinks in the radiative transfer process 19
2.4.2 The phase function
We can safely assume that the phase function does not depend independently on the four variables
(n;n
0
), but only on the angle between the two directions n and n
0
. Setting n  n
0
= cos, we can
write the phase function as (cos), and the normalization condition (2.71) simplies to
1
2
Z
1
 1
(cos) d(cos) = 1: (2.75)
It is often practical to expand the phase function as a series of Legendre polynomials,
(cos) =
1
X
l=0
(2l + 1)
l
P
l
(cos); (2.76)
where the coeÆcients 
l
are given by

l
=
1
2
Z
1
 1
(cos)P
l
(cos) d(cos): (2.77)
Due to the normalization condition (2.75), we have 
0
= 1. The second coeÆcient, which is the mean
cosine of the scattering angle, is called the anisotropy parameter, and is denoted by g,
g = 
1
= hcosi =
1
2
Z
1
 1
(cos) cos d(cos): (2.78)
The RTE in plane-parallel and spherical symmetry
In a system with either plane-parallel or spherical symmetry, the radiation eld only depends on two
independent variables: one space coordinate and the cosine  of the polar angle (relative to the cartesian
or the local spherical reference system). Writing t as the spatial variable (thus z for plane-parallel and
r for spherically symmetric systems), the scattering emissivity (2.72) is

sca
(t; ) = ! (t)
ZZ
dn
0
4
I(t; 
0
) (cos): (2.79)
The integration over the the solid angle can be split as

sca
(t; ) =
1
4
! (t)
Z
1
 1
I(t; 
0
) d
0
Z
2
0
(cos) d
0
=
1
2
! (t)
Z
1
 1
I(t; 
0
)	(; 
0
) d
0
; (2.80)
where the angular redistribution function (ARF) is dened as
	(; 
0
) =
1
2
Z
2
0
(cos) d
0
: (2.81)
Notice in particular that the ARF is only function of  and 
0
. Indeed, an explicit expression for cos
is
cos = 
0
+
q
(1  
2
) (1  
0
2
) cos(  
0
); (2.82)
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and if we integrate the phase function over 
0
between 0 and 2, the dependence on  disappears. For
the transition from the phase function to the ARF, the expansion in spherical harmonics is very useful.
We obtain
	(; 
0
) =
1
2
Z
2
0
"
1
X
l=0
(2l+ 1)
l
P
l
(cos)
#
d
0
=
1
X
l=0
(2l+ 1)
l

1
2
Z
2
0
P
l


0
+
q
(1  
2
) (1  
0
2
) cos(   
0
)

d
0

=
1
X
l=0
(2l+ 1)
l
P
l
()P
l
(
0
); (2.83)
where the last step follows from the addition theorem for spherical harmonics (e.g. Arfken & We-
ber 1995). Notice that the expansion coeÆcients 
l
for the ARF are the same as for the phase
function. In plane-parallel symmetry the RTE nally reads

@I
@z
(z; ) = `(z)  (z) I(z; ) +
1
2
! (z)
Z
1
 1
I(z; 
0
)	(; 
0
) d
0
; (2.84)
whereas in spherical symmetry we have

@I
@r
(r; ) +
1  
2
r
@I
@
(r; ) = `(r)   (r) I(r; ) +
1
2
! (r)
Z
1
 1
I(r; 
0
)	(; 
0
) d
0
: (2.85)
Examples of phase functions
A trivial but important phase function is the one corresponding to isotropic scattering, where all scat-
tering angles have the same probability,
(cos) = 1 (2.86)
	(; 
0
) = 1; (2.87)
and the Legendre expansion coeÆcients are trivially 
0
= 1 and 
l
= 0 for l  1. Isotropic scattering is
often assumed in astrophysical problems, mainly because its phase function is the most simple one. Note
however that the assumption of isotropic scattering does not simplify the integro-dierential character
of the RTE, such that solving the equation does not become that much easier. A number of techniques
however, such as described in Chandrasekhar (1960) and Mihalas (1978) are specically developed for
isotropic scattering, and become much harder if other phase functions are adopted.
Another interesting phase function is the one corresponding to forward scattering. The phase function
will then be innitely sharp around the direction cos = 1, and will hence take the form of a Dirac
delta distribution,
(cos) = 2 Æ(1  cos) (2.88)
	(; 
0
) = 2 Æ(  
0
): (2.89)
The Legendre expansion coeÆcients read 
l
= 1. In fact, forward scattering corresponds to no scattering
at all, since there is no change in direction, and all scattered photons continue on the same path as
before the scattering event.
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Figure 2.3: A polar plot of the Henyey-Greenstein phase function, for dierent values of the asymmetry param-
eter: g = 0, g = 0:31, g = 0:44 and g = 0:60. The rst corresponds to isotropic scattering, whereas the other
three values are the adopted values for g in respectively the I, V and UV1 bands (see table 2.1).
Probably the most widely adopted phase function that can describe anisotropic coherent scattering is
the one named after Henyey and Greenstein (1941),
(cos) =
1  g
2
(1 + g
2
  2g cos)
3=2
: (2.90)
It is a one-parameter family of phase functions which contains the asymmetry parameter g as an explicit
parameter. In gure 2.3 the Henyey-Greenstein phase function is plotted for a number of asymmetry
parameters. A major advantage of this phase function is that it has a very simple expansion in Legendre
polynomials. Indeed, using the generating function for Legendre polynomials it is easily shown that the
coeÆcients are 
l
= g
l
. This is very useful to derive an expression for the ARF
	(; 
0
) =
1
X
l=0
(2l+ 1) g
l
P
l
()P
l
(
0
): (2.91)
Deriving a closed expression for 	(; 
0
) is less trivial. Substitution of (2.82) in (2.90) yields
	(; 
0
) =
1  g
2

Z

0
(a  b cosx)
 3=2
dx (2.92)
where the functions a and b are dened as
a(; 
0
) = 1 + g
2
  2g
0
(2.93)
b(; 
0
) = 2g
p
(1  
2
) (1  
02
): (2.94)
These functions satisfy the relation a > b > 0, because
a
2
  b
2
=

(1  g)
2
+ 2 g(1  
0
)

2
  4 g
2
(1  
2
)(1  
0
2
)
= (1  g)
4
+ 4 g(1  g)
2
(1  
0
) + 4 g
2
(  
0
)
2
> 0: (2.95)
The integration can then be solved exactly in terms of the complete elliptic integral of the second kind
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Figure 2.4: The Henyey-Greenstein ARF for g = 0:44 (V band value) as a function of the new direction . It
is shown for various values of the initial direction 
0
, ranging between 0 and 1, with intermediate step 0.25. For
negative values of 
0
the ARF is obtained by the symmetry relation 	(; 
0
) = 	( ; 
0
).
(Gradshteyn & Ryzhik 1965), and the ARF nally becomes
	(; 
0
) =
2

1  g
2
(a  b)
p
a+ b
E
 
r
2 b
a+ b
!
; (2.96)
=
1  g
2
(a  b)
p
a+ b
2
F
1

 
1
2
;
1
2
; 1;
2 b
a+ b

; (2.97)
where E(k) represents the complete elliptic integral of the second kind. A plot of the Henyey-Greenstein
ARF is shown in gure 2.4.
The Henyey-Greenstein phase function is derived empirically, as a description of the scattering of light
in reection nebulae in the Galaxy. We can safely assume that it is an adequate approximation to
average scattering o Galactic dust grains. Moreover, the two previously mentioned kinds of scattering
can be seen as special cases of Henyey-Greenstein scattering: isotropic scattering corresponds to g = 0,
whereas forward scattering corresponds to g = 1. In the remainder of this thesis we will always adopt
Henyey-Greenstein scattering, unless mentioned otherwise.
2.4.3 Optical properties of the dust
In section 2.2.3 we assumed that the optical properties of the dust are the same all over the galaxy,
such that wavelength is a parameter rather than a real variable in the radiative transfer process. We
can thus solve the RTE separately for each wavelength if the wavelength dependence of the sources
and sinks are known. This is what we specify here.
The wavelength dependence of the stellar emission is determined by the spectrum of the stars that
contribute to the radiation eld. It will be dierent for disc galaxies and for ellipticals. However,
it is important to notice that the RTE depends linearly on the stellar emission term. Therefore the
normalization of the emissivity is not important, and we may choose it to our convenience. Indeed,
for a given wavelength, the RTE will always yield us the attenuation, i.e. the fraction of the stellar
radiation that is attenuated by the dust. Calculation of the attenuation for each wavelength gives the
attenuation curve of the galaxy. If desired, the wavelength dependence of the nal radiation eld can
be found by multiplication of the input spectrum with the attenuation curve.
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Figure 2.5: Wavelength dependence of the albedo !, the asymmetry parameter g, and the opacity  relative
to the V band value.
band  (m)  ! g
UV1 125 3.44 0.42 0.60
UV2 150 2.75 0.42 0.59
UV3 175 2.44 0.48 0.58
UV4 200 2.87 0.48 0.54
UV5 225 3.01 0.51 0.46
UV6 250 2.38 0.57 0.46
UV7 300 1.92 0.57 0.47
U 360 1.60 0.57 0.49
B 440 1.32 0.57 0.48
V 550 1.00 0.57 0.44
R 700 0.73 0.54 0.37
I 850 0.47 0.51 0.31
Table 2.1: The optical properties of the dust at the central wavelength of several wavebands. Tabulated are
the opacity  relative to the V band value, the scattering albedo ! and the asymmetry parameter g.
In contrary, the RTE depends in a non-linear way on the optical properties of the dust, i.e. the opacity,
the albedo and the phase function. The values of these quantities hence has to be determined before
the RTE is solved, and it is thus necessary to specify the wavelength dependence of them beforehand.
Notice that we will always adopt the Henyey-Greenstein phase function, and the wavelength dependence
of the phase function is thus equivalent to the wavelength dependence of the asymmetry parameter.
There are two ways to determine the optical properties of the dust. On the one hand, values can be
derived theoretically, by assuming a certain dust grain composition, and calculating the optical properties
of the dust (Draine & Lee 1984, Bianchi et al. 1996). On the other hand, optical properties can be
derived empirically, usually based on a variety of observations of scattered light in the Galaxy (Bruzual
et al. 1988, Gordon et al. 1997). The data set we adopt is the one derived theoretically by Maccioni
& Perinotto (1994). The opacity, the albedo and the asymmetry parameter are plotted in gure 2.5,
and for the central wavelength of various bands the adopted values are tabulated in table 2.1. Notice
that the values for the opacity are only relative values, with respect to the V band value. The absolute
value will be determined by the spatial dependence of the opacity.
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Chapter 3
Solving the RTE in plane-parallel
symmetry
3.1 Introduction
In the previous chapter we discussed the general radiative transfer problem, and in particular we derived
the expression (2.84) for the RTE in plane-parallel geometry. In this geometry, the intensity only depends
on two coordinates, the height z and the cosine  of the angle between the direction of the beam and
the z-axis. With the physical processes of stellar emission, absorption and scattering taken into account,
the RTE has a fairly simple form, containing only one derivative with respect to z and one integration
with respect to . Given an appropriate set of boundary equations, such a radiative transfer problem
is a well-posed problem, from a mathematical point of view. But due to its integro-dierential nature,
it is not straightforward to solve it, even in this one-dimensional plane-parallel geometry, because there
are no standard methods to solve general integro-dierential equations. In this chapter we will present
four dierent methods to handle radiative transfer problems in plane-parallel geometry. These methods
are adaptations of or extensions to existing methods described in the literature.
3.1.1 The attenuation
In chapter 2 we derived a general expression for the time-independent RTE in plane-parallel geometry,

@I
@z
(z; ) = `(z)  (z)I(z; ) +
1
2
! (z)
Z
1
 1
I(z; 
0
)	(; 
0
) d
0
: (3.1)
The boundary conditions we adopt are
lim
z! 1
I(z; ) = lim
z!1
I(z; ) = 0 for  > 0, (3.2)
which means that there is no incident radiation on either side of the galaxy. Given an expression for the
stellar emissivity `(z) and the opacity (z), the RTE (3.1) with the boundary conditions (3.2) can be
solved, such that we obtain the radiation eld at any position z and into any direction  in the galaxy.
In many cases however, we are only interested in the intensity that reaches the observer, who is located
at z =1. We dene the observed intensity (with a notation abuse) as
I() = lim
z!1
I(z; ): (3.3)
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We further dene I
nd
() as the intensity that would reach the observer if there were no dust extinction,
and the attenuation as the fraction of I
nd
() that is attenuated by dust extinction. Expressing it in
magnitudes,
A() =  2:5 log

I()
I
nd
()

: (3.4)
The intensity I
nd
() is found by solving the RTE

@I
@z
(z; ) = `(z); (3.5)
with the boundary conditions (3.2), for z =1. The solution is readily found
I
nd
() =
1

Z
1
 1
`(z) dz: (3.6)
As explained in section 2.4.3 we can choose the normalization of the emissivity to our convenience. In
plane-parallel geometry we will always choose it as
Z
1
 1
`(z) dz = 1: (3.7)
This implies that I
nd
() = 1=, such that the attenuation can then be written as
A() =  2:5 log

 I()

: (3.8)
3.1.2 Optical depth coordinates
In plane-parallel geometry, the RTE is usually transformed into another form by introduction of the
optical depth coordinate  , dened as
(z) =
Z
1
z
(z
0
) dz
0
: (3.9)
At the position of the observer (z =1), the optical depth is zero, and it increases with decreasing z.
The maximal value of the optical depth corresponds to z =  1, and is the total optical depth of the
galaxy

0
=
Z
1
 1
(z) dz: (3.10)
Contrary to the stellar emissivity, the normalization of the opacity cannot be chosen to our convenience,
as we explained in section 2.4.3. In contrary, it has to be determined for every wavelength before the
RTE is solved. This can be done by determining the total optical depth 
0
at a certain wavelength,
usually the V -band value. At other wavelengths the total optical depth can then be determined by
the opacity curve in section 2.4.3, because opacity and total optical depth have the same wavelength
dependence.
If we replace the z-coordinates by optical depth coordinates in (3.1), we obtain

@I
@
(; ) = I(; )  S()  
!
2
Z
1
 1
I(; 
0
)	(; 
0
) d
0
; (3.11)
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with S() = `()=() the stellar source function. The boundary conditions are now
I(0; ) = I(
0
; ) = 0 for  > 0. (3.12)
The attenuation A() is still given by the expression (3.8), where the intensity reaching the observer
is I() = I( = 0; ). In this chapter we will present methods to solve the RTE (3.11), subject to the
boundary conditions (3.12).
3.2 The iteration method
3.2.1 The intensity as a series
The most straightforward way to solve an integro-dierential equation is by iteration. In an early paper
on scattering, Henyey (1937) applies this method to the RTE, and it has been adopted later on by
van de Hulst & de Jong (1969) and Xu & Helou (1996) to solve the RTE in plane-parallel geometry.
Specically in our case, we write the intensity as a sum of partial intensities
I(; ) =
1
X
n=0
I
n
(; ); (3.13)
The nth partial intensity satises the RTE

@I
n
@
(; ) = I
n
(; )  S
n
(; ); (3.14)
where
S
0
(; ) = S() (3.15)
S
n
(; ) =
!
2
Z
1
 1
I
n 1
(; 
0
)	(; 
0
)d
0
; (3.16)
and is subject to the boundary conditions
I
n
(0; ) = I
n
(
0
; ) = 0 for  > 0. (3.17)
The partial intensities have a physical meaning. The rst term I
0
(; ) describes the radiation eld as
if there were no scattering, and the following terms correct this rst approximation for photons which
are added to the radiation eld after exactly n scattering events. The solution of (3.14), subject to the
boundary conditions (3.17), can directly be written
I
n
(; ) =
1

Z

0

S
n
(
0
; ) exp

   
0


d
0
(3.18)
I
n
(; ) =
1

Z

0
S
n
(
0
; ) exp


0
  


d
0
: (3.19)
The RTE can hence be found as a sum of terms which can be calculated iteratively. Whether or not
this method works depends on the number of terms in the series that has to be calculated, i.e. whether
the series converges slowly or fast. For example, Mihalas (1978) shows that the iteration method will
fail for radiative transfer calculations in stellar atmospheres, because the convergence will be too slow.
For radiative transfer calculations in galaxies however, with physical processes taken into account as
described in section 2.4, it will work very well. Indeed, consider the nth partial intensity I
n
which
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describes the radiation eld consisting of photons that have been scattered exactly n times. For each
of these photons there are three possibilities: it leaves the galaxy without another interaction, it is
absorbed by the dust, or it is scattered again. Even if the optical depth is very high such that nearly
all photons do interact, only a fraction ! of them will contribute to the next partial intensity I
n+1
.
Because at UV and optical wavelengths the albedo is about 0.5 (section 2.4.3), the partial intensities
I
n
will decrease quickly as a function of n, such that we can safely adopt the iteration method for the
transfer problem we are considering.
3.2.2 Practical calculation
Practically we will cut the innite sum (3.13) after a number of terms, and replace it by
I(; ) 
N
X
n=0
I
n
(; ) (3.20)
with N large enough, such that totally N + 1 partial intensities have to be calculated iteratively.
Of course it is impossible to perform all the integrations analytically, such that we need a numerical
integration routine.
For the selection of the most suitable method for the integration we make a dierence between the
integration over the angle and the integration over the optical depth. Given the partial intensity
I
n 1
(; ), the source function S
n
(; ) is found by applying (3.16), i.e. an integration with respect to
the angle  over the interval [ 1; 1]. The nth partial intensity I
n
(; ) is consequently found by the
formulae (3.18) or (3.19), i.e. an integration with respect to the optical depth over the interval [0;  ]
or [; 
0
]. The main dierence between these two integrations is that the integration with respect to
the angle is over a xed interval, whereas the integration with respect to the optical depth is over an
interval with variable boundaries.
We construct a grid of size L in optical depth space and size M in angle space. For the angle points

j
we can take the abscissae for the Gauss-Legendre quadrature, i.e. the M zeros of the Mth order
Legendre polynomial. If the partial intensity I
n 1
is known at all grid points, the nth source function
at a grid point (
i
; 
j
) will then be given as
S
n
(
i
; 
j
) =
!
2
M
X
k=1
w
k
I
n 1
(
i
; 
k
)	(
j
; 
k
); (3.21)
where w
k
are the weights for the Gauss-Legendre quadrature. For the integration with respect to the
optical depth, a similar choice of mesh points is impossible, because the integration interval has variable
boundaries. Instead, we choose a uniform grid in optical depth space. The strategy to obtain the nth
partial intensity in a grid point (
i
; 
j
) is the following. First, we calculate the source function S
n
in
all grid points (
k
; 
j
), and we construct a cubic spline interpolation C
j
() through these points,
(
0
; 
j
) ! S
n
(
0
; 
j
)
(
1
; 
j
) ! S
n
(
1
; 
j
)
.
.
.
.
.
.
(
L
; 
j
) ! S
n
(
L
; 
j
)
9
>
>
>
=
>
>
>
;
 ! C
j
(): (3.22)
The partial intensity I
n
(
i
; 
j
) is then found by performing the integrations (3.18) or (3.19) with
S
n
(; 
j
) replaced by its spline interpolation C
j
(). For example when 
j
> 0 we obtain
I
n
(
i
; 
j
) =
1

j
Z

0

i
C
j
(
0
) exp

   
0

j

d
0
: (3.23)
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The calculation of each partial intensity hence requires M cubic spline interpolations and LM integra-
tions.
3.2.3 The intensity as a geometric series
If many terms need to be calculated in the series (3.13) the procedure described above will become very
expensive. For example, Xu & Helou (1996) use 20 terms in their expansion. For our one-dimensional
plane-parallel geometry this number of integrations is still manageable. However, if the method is
extended to more complex geometries, more dimensions will be added, and the calculation of such a
high number of terms becomes very time-consuming, such that adaptations of the method are desirable.
As already pointed out by van de Hulst & de Jong (1969), the series (3.13) will fairly quick show a
geometric behavior. This can be understood in the following way. Consider a photon at (; ), that
has been scattered n times, and hence contributes to the partial intensity I
n
(; ). The probability
that this photon will leave the galaxy without interaction, will be absorbed or will be scattered again
is independent of the history of this photon, i.e. independent of the number of previous scatterings n.
What does depend on n is the source function of these photons, for example it is isotropic for n = 0
but anisotropic for n = 1. However, multiple scatterings tend to wash out anisotropy eects, such that
for n large enough the source function (3.16) will be fairly isotropic. Therefore the partial intensities
will satisfy
I
n
(; )
I
n 1
(; )

I
n+1
(; )
I
n
(; )
(3.24)
for n large enough. If we assume that this condition is really an equality for n > N for a certain N ,
i.e. if
I
N
(; )
I
N 1
(; )
=
I
N+1
(; )
I
N
(; )
=
I
N+2
(; )
I
N+1
(; )
=    (3.25)
then the intensity (3.13) can be written as
I(; ) = I
0
(; ) + I
1
(; ) +   + I
N 2
(; ) + I
N 1
(; )
1
X
j=0

I
N
(; )
I
N 1
(; )

j
:
= I
0
(; ) + I
1
(; ) +   + I
N 2
(; ) +
I
2
N 1
(; )
I
N 1
(; )  I
N
(; )
: (3.26)
The number N thus corresponds to the last of the partial intensities that has to be calculated in order
to nd the radiation eld. Kylas & Bahcall (1987) adopted this simplication of the RTE to construct
an axisymmetric radiative transfer model for the edge-on disc galaxy NGC891. They assumed that the
condition (3.25) is already satised for N = 1. In plane-parallel geometry the intensity then reads
I(; ) =
I
2
0
(; )
I
0
(; )  I
1
(; )
; (3.27)
such that only two partial intensities need to be calculated.
3.3 The spherical harmonics method
One of the most popular techniques to solve the radiative transfer equation is a method which uses
an expansion in spherical harmonics. It is pioneered by Davison (1957), and later adopted by many
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others (van de Hulst 1970, Flannery et al. 1980, Roberge 1983, Di Bartolomeo et al. 1995, Corradi
et al. 1996). Our approach is based on Roberge (1983), whose method can account for any vertical
distribution of stars and dust, and uses the adaptations of Di Bartolomeo et al. (1995) in order to make
the matrix in the eigenvalue problem symmetric.
3.3.1 Expansion in Legendre polynomials
In plane-parallel symmetry, spherical harmonics reduce to Legendre polynomials, and we expand the
intensity and the ARF in a series of Legendre polynomials,
I(; ) =
1
X
l=0
(2l + 1)f
l
()P
l
() (3.28)
	(; 
0
) =
1
X
l=0
(2l+ 1)
l
P
l
()P
l
(
0
): (3.29)
The coeÆcients f
l
() are unknown functions, whereas the coeÆcients 
l
are known. We will substitute
these two expansions in the RTE (3.11). For the rst term we obtain

@I
@
(; ) = 
1
X
l=0
(2l + 1) f
0
l
()P
l
() (3.30)
=
1
X
l=0
f
0
l
()
h
(l + 1)P
l+1
() + l P
l 1
()
i
=
1
X
l=0
h
l f
0
l 1
() + (l + 1) f
0
l+1
()
i
P
l
();
and the last term becomes
1
2
!
Z
1
 1
I(; 
0
)	(; 
0
) d
0
=
1
2
!
1
X
l=0
1
X
l
0
=0
(2l+ 1) (2l
0
+ 1) f
l
()
l
0
P
l
0
()
Z
1
 1
P
l
(
0
)P
l
0
(
0
) d
0
= !
1
X
l=0
(2l+ 1) f
l
()
l
P
l
(): (3.31)
Substituting these in the RTE (3.11) we obtain an innite set of dierential equations for the functions
f
l
(),
l f
0
l 1
() + (l + 1) f
0
l+1
()  (2l + 1) (1  ! 
l
) f
l
() + S() Æ
l;0
= 0; (3.32)
or if we dene
h
l
= (2l+ 1) (1  ! 
l
) (3.33)
 
l
() =
p
h
l
f
l
() (3.34)
g
l
() =  
S()
p
h
0
Æ
l;0
; (3.35)
we obtain
l
p
h
l
h
l 1
 
0
l 1
() +
l + 1
p
h
l+1
h
l
 
0
l+1
() =  
l
() + g
l
() for l = 0; 1; : : :: (3.36)
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3.3.2 The P
L
approximation
Because this set of equations is innite, we will impose a closure relation, which turns it into a nite
set. The P
L
approximation consists of only considering the rst L+1 equations in the set (3.36), with
the assumption that  
L
() = 0 for a certain value of L. The P
L
solution of the radiative transfer
problem is then
I(; ) =
L
X
l=0
2l+ 1
p
h
l
 
l
()P
l
(): (3.37)
Notice that the closure relation  
L
() = 0, is a generalization of the classical closure relation of
Eddington, which corresponds to L = 1. In the P
L
approximation the innite system of equations is
than replaced by a nite set, which we can write as a vector equation
A 
0
() =  () + g() (3.38)
with the matrix A dened as
A
k;l
=
8
>
>
>
>
>
<
>
>
>
>
:
k
p
h
k
h
l
if l = k   1
l
p
h
k
h
l
if l = k + 1
0 otherwise,
(3.39)
and the vector functions  () and g() as
 () =
2
6
6
6
4
 
0
()
 
1
()
.
.
.
 
L
()
3
7
7
7
5
g() =
2
6
6
6
4
g
0
()
g
1
()
.
.
.
g
L
()
3
7
7
7
5
=
2
6
6
6
6
6
4
 
S()
p
h
0
0
.
.
.
0
3
7
7
7
7
7
5
: (3.40)
The matrix A is symmetric and real, and singular for L even and non-singular for L odd. From now
on we will assume L odd and we set L + 1 = 2M . We can invert A, and the inverse matrix A
 1
is
a symmetric real matrix of order 2M , and consequently has 2M real, non-zero eigenvalues. Roberge
(1983) demonstrates that these are non-degenerate and that they come in positive-negative pairs.
Denoting them in ascending order as k
 M
, . . . , k
 1
, k
1
, . . . , k
M
, they obey the symmetry relation
k
 m
=  k
m
. We denote the lth component of the orthonormalized eigenvector corresponding to the
eigenvalue k
m
as R
l;m
. They obey the symmetry relation R
l; m
= ( 1)
l
R
l;m
. Now consider the
matrix R, containing the orthonormalized eigenvectors in its columns,
R =
2
6
6
6
4
R
0; M
R
0; M+1
: : : R
0;M
R
1; M
R
1; M+1
: : : R
1;M
.
.
.
.
.
.
.
.
.
R
L; M
R
L; M+1
: : : R
L;M
3
7
7
7
5
: (3.41)
Because the eigenvalues k
m
are non-degenerate, the columns of R are linearly independent, and R is
thus also non-singular and can be inverted. We dene the vector function y()
y() =
2
6
6
6
4
y
 M
()
y
 M+1
()
.
.
.
y
M
()
3
7
7
7
5
= R
 1
 (): (3.42)
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The equation (3.38) can then be transformed into
y
0
() = R
 1
A
 1
Ry() +R
 1
A
 1
g(); (3.43)
or due to to the fact that the columns of R are the eigenvectors of A
 1
,
y
0
m
() = k
m
y
m
() + p
m
() (3.44)
with
p
m
() =
 
R
 1
A
 1
g

m
=  k
m
S()
p
h
0
 
R
 1

m;0
: (3.45)
These latter functions obey the symmetry relation p
 m
() =  p
m
(). The 2M equations (3.44) can
directly be solved, and we obtain
y
m
() = e
k
m


C
m
+
Z


m
e
 k
m

0
p
m
(
0
) d
0

; (3.46)
where the boundary 
m
can be chosen randomly, and the C
m
are then determined by the boundary
conditions. For numerical reasons (Roberge 1983) it is useful to replace C
m
by C
m
exp( k
m

0
) for
m > 0 and to choose 
m
= 0 for m < 0 and 
m
= 
0
for m > 0. Using the symmetry relation for the
eigenvalues we can then write for m = 1; : : : ;M
y
 m
() = C
 m
e
 k
m

 
Z

0
e
 k
m
( 
0
)
p
m
(
0
) d
0
(3.47)
y
m
() = C
m
e
 k
m
(
0
 )
 
Z

0

e
 k
m
(
0
 )
p
m
(
0
) d
0
: (3.48)
Combining these results with (3.42) and the symmetry relation for the eigenvectors R
l;m
, we obtain
 
l
() =
M
X
m=1
R
l;m
n
C
m
e
 k
m
(
0
 )
+
^
W
m
() + ( 1)
l
C
 m
e
 k
m

+ ( 1)
l
^
Z
m
()
o
; (3.49)
where the functions
^
W
m
() and
^
Z
m
() are dened as
^
W
m
() =
k
m
p
h
0
 
R
 1

m;0
Z

0

S(
0
) e
 k
m
(
0
 )
d
0
(3.50)
^
Z
m
() =
k
m
p
h
0
 
R
 1

m;0
Z

0
S(
0
) e
 k
m
( 
0
)
d
0
: (3.51)
Substitution of the functions (3.49) in the expression (3.37) yields the radiation eld I(; ) at an
arbitrary position and into an arbitrary direction in the galaxy. As we already mentioned, we are mainly
interested in the observed radiation eld I()  I(0; ). If we dene w
m
and z
m
as
w
m
=
^
W
m
(0) =
k
m
p
h
0
 
R
 1

m;0
Z

0
0
S() e
 k
m

d (3.52)
z
m
=
^
Z
m
(
0
) =
k
m
p
h
0
 
R
 1

m;0
Z

0
0
S() e
 k
m
(
0
 )
d; (3.53)
the observed radiation eld becomes
I() =
L
X
l=0
2l+ 1
p
h
l
P
l
()
M
X
m=1
R
l;m

C
m
e
 k
m

0
+ ( 1)
l
C
 m
+ w
m

: (3.54)
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3.3.3 The boundary conditions
The only thing that still has to be done now is the determination of the 2M coeÆcients C
m
. They will
be determined by the boundary conditions of the radiative transfer problem, and we can thus impose 2M
boundary conditions. The boundary equations were that there is no incident radiation on either sides of
the galaxy, and we can thus impose these in 2M angles. A good choice of these boundary conditions are
the 2M zeros 
 M
; : : : ; 
 1
; 
1
; : : : ; 
M
of the 2M 'th order Legendre polynomial P
2M
(). Because
the roots of the Legendre polynomials come in negative-positive pairs, we have 
 i
=  
i
. The
boundary conditions we impose are thus
(
I(0; 
i
) = 0
I(
0
; 
i
) = 0
for i = 1; 2; : : : ;M; (3.55)
or after substitution in (3.37) and (3.49)
L
X
l=0
2l + 1
p
h
l
P
l
(
i
)
M
X
m=1
R
l;m

( 1)
l
C
m
e
 k
m

0
+ C
 m
+ ( 1)
l
w
m

= 0 (3.56)
L
X
l=0
2l + 1
p
h
l
P
l
(
i
)
M
X
m=1
R
l;m

C
m
+ ( 1)
l
C
 m
e
 k
m

0
+ ( 1)
l
z
m

= 0; (3.57)
where we used the property that the Legendre polynomials P
l
() are even and odd functions for l even
and odd respectively. These 2M equations can be written as a matrix equation,
M
X
m= M
G
i;m
C
m
= Q
i
for i =  M; : : : ; 1; 1; : : : ;M; (3.58)
with
G
i;m
= G
 i; m
=
L
X
l=0
2l+ 1
p
h
l
P
l
(
i
)R
l;m
(3.59)
G
i; m
= G
 i;m
= e
 k
m

0
L
X
l=0
( 1)
l
2l + 1
p
h
l
P
l
(
i
)R
l;m
; (3.60)
and
Q
i
=  
M
X
m=1
z
m
L
X
l=0
( 1)
l
2l + 1
p
h
l
P
l
(
i
)R
l;m
(3.61)
Q
 i
=  
M
X
m=1
w
m
L
X
l=0
( 1)
l
2l+ 1
p
h
l
P
l
(
i
)R
l;m
: (3.62)
Solving this matrix equation yields the coeÆcients C
m
and C
 m
, and substitution of them in the
solution (3.54) nally gives the observed radiation eld.
3.4 The discretization method
One of the rst major eorts to investigate the eects of absorption and multiple scattering in disc
galaxies, is the paper by Bruzual et al. (1988). The authors solve the RTE for a galaxy model consisting
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of a homogeneous mixture of stars and dust. They adopt a technique borrowed from the theory of
stellar atmospheres (Milkey et al. 1975, Mihalas 1978), based on a discretization of the RTE on a xed
mesh of points. We extend the technique of Bruzual et al. (1988) such that it can account for any
vertical distribution of stars and dust, i.e. any source function S(). As we will discuss in section 3.4.2,
we will have to make a distinction between source functions that remain nite everywhere and source
functions that diverge at the edge of the galaxy.
3.4.1 Finite source functions
If the source function S() remains nite for all values of  , we can easily generalize the procedure of
Bruzual et al. (1988). Starting from the transfer equation (3.11) we introduce the even and odd elds
u(; ) =
1
2
[I(; ) + I(; )] (3.63)
v(; ) =
1
2
[I(; )  I(; )] : (3.64)
The RTE can then be written as

@u
@
(; ) = v(; )  !
Z
1
0
v(; 
0
)	
o
(; 
0
)d
0
(3.65)

@v
@
(; ) = u(; )  S()  !
Z
1
0
u(; 
0
)	
e
(; 
0
)d
0
; (3.66)
where
	
e
(; 
0
) =
1
2
[	(; 
0
) + 	(; 
0
)] (3.67)
	
o
(; 
0
) =
1
2
[	(; 
0
) 	(; 
0
)] : (3.68)
The new boundary conditions are
u(0; ) = v(0; ) (3.69)
u(
0
; ) =  v(
0
; ): (3.70)
These equations are analogous to the ones Bruzual et al. (1988) use for their homogeneous slab, with
the exception that the constant source function for the homogeneous slab is replaced by an arbitrary
nite source function S(). A similar discretization procedure can be followed. We introduce a grid of
N + 1 points 
i
, uniformly spaced in optical depth space,

i
= i with  = 
0
=N: (3.71)
In between these points we introduce a second grid of optical depth points, which we denote with
half-integer numbers,

i+1=2
=

i
+ 
i+1
2
: (3.72)
A derivative is approximated as a nite dierence extending over the two neighboring points. The
derivatives evaluated in a half-integer grid points 
i+1=2
become a dierence evaluated in the nearest
integer mesh points 
i
and 
i+1
, and analogous for the integer mesh points. The integrals over  are
approximated byM -point Gauss-Legendre quadrature, and we hence introduce a mesh ofM points 
j
,
being the roots of the Mth order shifted Legendre polynomial P

l
() (Abramowitz & Stegun 1972).
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The weights of the jth quadrature coeÆcient is denoted by w
j
. We consider the even eld only in the
integer mesh points, and the odd eld in the half-integer ones. We introduce the following notations
u
i;j
= u(
i
; 
j
) (3.73)
v
i+1=2;j
= v(
i+1=2
; 
j
) (3.74)
	
e
j;k
= 	
e
(
j
; 
k
) (3.75)
	
o
j;k
= 	
o
(
j
; 
k
) (3.76)
S
i
= S(
i
): (3.77)
Evaluating the transfer equation (3.65) in a half-integer grid point we obtain

j
u
i+1;j
  u
i;j

= v
i+1=2;j
  !
M
X
k=1
w
k
	
o
j;k
v
i+1=2;k
: (3.78)
The transfer equation (3.66) evaluated in an integer mesh point yields

j
v
i+1=2;j
  v
i 1=2;j

= u
i;j
  S
i
  !
M
X
k=1
w
k
	
e
j;k
u
i;k
: (3.79)
The last equation however is not applicable for the outer mesh points i = 0 and i = N . In these points
we use the approximation
@v
@




0;j

v
1=2;j
  v
0;j
=2
=
v
1=2;j
  u
0;j
=2
(3.80)
@v
@




N;j

v
N;j
  v
N 1=2;j
=2
=
 u
N;j
  v
N 1=2;j
=2
; (3.81)
where we used the boundary conditions (3.69) and (3.70). The corresponding transfer equations are

j
v
1=2;j
  u
0;j
=2
= u
0;j
  S
0
  !
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Let us now introduce the vectors u
i
and v
i+1=2
as
u
i
=
2
6
6
6
4
u
i;1
u
i;2
.
.
.
u
i;M
3
7
7
7
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=
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6
6
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v
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3
7
7
7
5
: (3.84)
Then, the transfer equations can be written as
u
i+1
  u
i
= A
i+1=2
v
i+1=2
for i = 0 : : : N   1 (3.85)
v
1=2
= B
0
u
0
 G
0
(3.86)
v
i+1=2
  v
i 1=2
= B
i
u
i
 G
i
for i = 1 : : :N   1 (3.87)
 v
N 1=2
= B
N
u
N
 G
N
; (3.88)
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where the matrices A
i+1=2
and B
i
, and the vectors G
i
are dened as
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(3.91)
The equations (3.85)-(3.88) can be solved recursively using a backward loop
u
N
=W
N
(3.92)
v
i+1=2
= U
i+1=2
u
i+1
  T
i+1=2
i = N   1 : : : 0 (3.93)
u
i
= V
i
v
i+1=2
+W
i
i = N   1 : : : 0; (3.94)
where the coeÆcients in these equations can be calculated recursively in a forward loop,
V
0
= B
 1
0
(3.95)
W
0
= V
0
G
0
(3.96)
U
i+1=2
= (A
i+1=2
+ V
i
)
 1
i = 0 : : :N   1 (3.97)
T
i+1=2
= U
i+1=2
W
i
i = 0 : : :N   1 (3.98)
V
i
= (B
i
+ U
i 1=2
)
 1
i = 1 : : :N (3.99)
W
i
= V
i
(G
i
+ T
i 1=2
) i = 1 : : :N: (3.100)
These equations will provide us with the solution of our transfer problem at all mesh points. In particular
we are interested in the observed intensity, which can be written as I() = 2u(0; ) due to the boundary
condition (3.69).
3.4.2 Diverging source functions
The above procedure cannot be used anymore when the source function diverges at the boundaries
 = 0 and/or  = 
0
, because the source function needs to be evaluated in these end points. Such
source functions are realistic, because they correspond to all distributions where the dust distribution
is narrower than the stellar distribution. In the next chapters we will consider some simple models for
disc galaxies, which have diverging source functions.
One obvious solution would be to apply a cuto, but the method then becomes very dependent on the
actual position of the cuto. Moreover such a solution is inaccurate, because the discretization method
involves a lot of matrix inversions, and these are diÆcult operations if the matrices contain elements of
very dierent magnitudes.
If the source function diverges, we don't use the optical depth coordinates, but we dene a similar
independent variable ,
(z) =
Z
1
z
`(z
0
) dz
0
; (3.101)
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which assumes values between 0 and 1, due to the normalization condition (3.7). The RTE (3.1)
becomes

@I
@
(; ) = R() I(; )   1 
1
2
!R()
Z
1
 1
I(; 
0
)	(; 
0
)d
0
; (3.102)
where R is the reciprocal of the stellar source function,
R() =
1
S()
=
()
`()
: (3.103)
Starting from this form of the RTE, we can repeat the same procedure as in the case of nite source
functions. We dene the even and odd elds as
u(; ) =
1
2
[I(; ) + I(; )] (3.104)
v(; ) =
1
2
[I(; )  I(; )] : (3.105)
The RTE can then be written as
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subject to the boundary conditions
u(0; ) = v(0; ) (3.108)
u(1; ) =  v(1; ): (3.109)
These equations will be discretized in the same way as in the previous subsection. We introduce two
grids in -space

i
= i with  = 1=N: (3.110)
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i
+ 
i+1
2
; (3.111)
and a grid of points in -space analogous as in the case of nite source functions. If we then set
u
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j
) (3.112)
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); (3.117)
We can discretize the transfer equations in the half-integer and integer points, and obtain

j
u
i+1;j
  u
i;j

= R
i+1=2
v
i+1=2;j
  !R
i+1=2
M
X
k=1
w
k
	
o
j;k
v
i+1=2;k
(3.118)
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In the boundary points 
0
and 
N
we obtain
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These equations can be brought in the form (3.85)-(3.88), where the matrices A
i+1=2
and B
i
, and the
vectors G
i
are now given by
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(3.124)
The same elimination scheme can be followed to obtain the solution of the radiative transfer problem.
3.5 Monte Carlo simulation
The last method we present to solve the RTE is a Monte Carlo simulation, which is probably the most
widely adopted method for radiative transfer problems. The principles of this method are described
in detail by Cashwell & Everett (1959), Mattila (1970), Witt (1977), Yusef-Zadeh et al. (1984) and
Bianchi et al. (1996). In all these articles the Monte Carlo technique is adopted in a three-dimensional
conguration. In chapter 9 we present a three-dimensional Monte Carlo simulation to solve the RTE in
a spherical symmetric environment, but in the present plane-parallel geometry we use a one-dimensional
version, which has a greater eÆciency.
3.5.1 The principles
The Monte Carlo method basically follows the individual path of a very large number N of photons
through the galaxy. At each moment, the fate of a photon on its path is determined by a number
of quantities such as the free path length between two interactions, the nature of the interaction
(scattering or absorption) and the direction change during a scattering event. Each of these quantities
can be described by a random variable x, taken from a particular probability density P (x). Such random
numbers can be generated by taking a uniform deviate X , i.e. a randomly chosen number between 0
and 1, and requiring
X =
R
x
x
min
P (x
0
) dx
0
R
x
max
x
min
P (x
0
) dx
0
; (3.125)
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with x
min
and x
max
the boundaries of the interval where P (x) is dened. Series of uniform deviates X
i
can be easily generated by pseudo-random number generators (Press et al. 1989)
In plane-parallel geometry a photon is characterized by two variables: the position (or equivalently the
optical depth ) and the direction . To start, the initial position 
1
and direction 
1
are generated
randomly as
X
1
=
Z

1
0
S(x) dx (3.126)
X
2
=
Z

1
 1
dx
2
or 
1
= 2X
2
  1: (3.127)
Next we generate a random free path length 

1
(also in optical depth units) by setting
X
3
=
Z


1
0
e
 x
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
1
=   ln(1 X
3
) (3.128)
This randomly determined path length is to be compared with the maximal free path length 
path
of
the photon in consideration,
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=
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1
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1
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 

0
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1
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1
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(3.129)
If 

1
> 
path
, the photon will leave the galaxy, and its direction 
1
is recorded. If 

1
< 
path
, the photon
will interact with a dust grain. The nature of this interaction can be determined by choosing a uniform
deviate X
4
and setting
interaction =
(
scattering if X
4
< !
absorption if X
4
> !:
(3.130)
If the interaction is an absorption, the photon disappears and will not contribute to the nal intensity.
If the interaction is a scattering, the photon will have a new path to move on. Given the free path
length 

1
and the original position 
1
and direction 
1
, the position of the interaction is

2
= 
1
  
1


1
; (3.131)
whereas the new direction 
2
is determined by the uniform deviate
X
5
=
1
2
Z

2
 1
	(
1
; x) dx: (3.132)
This procedure can now be repeated until the photon is either absorbed or leaves the galaxy. In the latter
case it will contribute to the observed intensity and its direction must be recorded. After a suÆciently
large number of such experiments, an M -binned histogram of the emerging angular distribution can be
constructed. The ratio of the number of photons to the number of photons that would be in the bin if
there were no dust attenuation (i.e. the distribution of the initial directions), then yields the attenuation
in that bin, and thus the observed radiation eld I(). Notice that the Monte Carlo method as described
here does only yield the observed intensity I(). In principle, the radiation eld at other depths  can
also be recorded.
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3.5.2 Optimizing the routine
There are two simple ways in which the above described routine can be optimized, i.e. adapted such
that better statistics can be obtained with less photons.
The rst adaptation is to avoid that photons disappear from the radiation eld by absorption. This
can be done by assigning a weight to each photon. At each interaction the probability that the photon
will be scattered is !, whereas the probability for absorption is 1 !. Instead of simulating absorption
as described above, we let the photon scatter and we reduce its weight by a factor !. This way, no
photons disappear from the radiation eld, and each photon will eventually leave the galaxy. At that
point, both direction and weight are recorded. The nal histogram is obtained by counting the number
of photons in each bin, weighted by their individual weight.
A second adaptation is the concept of forced rst scattering, by which each photon is forced to be
scattered at least once before it leaves the galaxy. Given the initial maximal free path length 
path
(; )
of the photon, the probability that the photon leaves the galaxy is exp( 
path
). When the total optical
depth of the galaxy is low, many photons leave the galaxy without interaction, such that a large number
of photons is necessary to obtain reliable statistics of the scattered radiation. Hence, instead of allowing
that a photon can escape from the galaxy, we split it. A fraction with weight w = exp( 
path
) leaves
the galaxy and will be classied. The other fraction with weight w = ![1   exp( 
path
)] is forced
to scatter before it leaves the galaxy. Therefore a free path length 

1
has to be generated such that


1
< 
path
. This can be done by replacing (3.128) with
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Z
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1
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 
1  e
 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
: (3.133)
After this forced rst scattering, the following scatterings are as described above.
Chapter 4
A quantitative comparison of four
methods to solve the RTE
4.1 Introduction
In chapter 2 we derived a general expression for the RTE in plane-parallel geometry, and in chapter 3
we discussed four independent methods to solve this RTE numerically. All of them have already been
applied to construct radiative transfer models in order to investigate the attenuation in disc galaxies.
However, the assumptions concerning the geometry and the dust properties made by the various authors
often dier signicantly. This makes a comparison of the various adopted methods in the literature in
terms of accuracy, eÆciency and exibility next to impossible.
An unbiased quantitative comparison of the four discussed methods, applied on the same radiative
transfer problem, is the aim of this chapter. In a rst approximation, disc galaxies can be considered as
plane-parallel geometries, and we will consider a representative disc galaxy model by choosing a stellar
emissivity `(z) and an opacity (z). Because we focus on the comparison of the dierent methods
rather than on an investigation of the impact of dust attenuation on disc galaxies, we restrict ourselves
here to a single galaxy model to illustrate our results. We wish to stress that this galaxy model is only
illustrative, and that the methods discussed in chapter 3 are applicable to any galaxy model of the
kind we consider here, i.e. with arbitrary vertical distribution of stars and dust (and with an arbitrary
ARF). For a thorough study of the attenuation curve as a function of various parameters determining
the distribution of stars and dust, we refer to the next chapter.
4.2 The disc galaxy model
4.2.1 The stellar distribution
The vertical distribution of stars in disc galaxies is still a matter of debate. The most straightforward
way to derive such a vertical distribution is to study the surface brightness of edge-on galaxies at dif-
ferent heights above the plane. There is a general consensus that at great heights the light distribution
decreases exponentially. Close to the plane of the galaxy however, dust attenuation makes the obser-
vation of the vertical distribution diÆcult. As a consequence, dierent models have been proposed.
Stars were rst believed to be isothermally distributed in the z-direction (van der Kruit & Searle 1981),
and later on an exponential behavior was proposed (Wainscoat et al. 1989). Nowadays it is believed
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that the true distribution lies in between these two proles (de Grijs et al. 1997, Pohlen et al. 2000,
Schwarzkopf & Dettmar 2000). We adopt an exponential prole,
`(z) =
1
2h
e
 jzj=h
; (4.1)
where h is the scaleheight. The rst factor is chosen such that the emissivity satises the normalization
condition (3.7).
4.2.2 The dust distribution
Beside stars, we also need a dust component in the galaxy, which is determined by the opacity (z).
Again, the actual vertical distribution of dust in disc galaxies is diÆcult to investigate. Direct information
about the distribution of dust can be obtained by spatially resolved FIR or submm observations, where
the dust emission is directly observed. During the last years, several nearby spiral galaxies have been
modeled at these wavelengths using ISO and SCUBA data (Haas et al. 1998, Alton et al. 1998a,
1998b, Davies et al. 1999, Domingue et al. 1999, Trewhella et al. 2000). For NGC891, Alton et
al. (2000) showed that the FIR emission is in quite good agreement with the dust distribution derived
from radiative transfer calculations (Xilouris et al. 1998), where an exponential vertical dust prole
was assumed, albeit with a dierent scaleheight. Detailed radiative transfer models for a set of seven
edge-on galaxies indicate that the scaleheight of the dust is usually about half of the stellar one (Xilouris
et al. 1999). For the dust distribution we will hence also assume an exponential distribution, with a
dust scaleheight of h=2. As opacity function we then obtain
(z) =

0
h
e
 2jzj=h
: (4.2)
The normalization of (4.2) is such that (3.10) is satised. For the total optical depth we adopt
a moderate value 
V
= 1, which seems to be appropriate for disc galaxies, as we argued in the
introduction.
4.2.3 The source function
Given the stellar emissivity and the opacity, we can calculate an explicit expression for the stellar source
function S(). The optical depth is obtained by substitution of (4.1) into the denition (3.9),
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(4.3)
and the inversion leads to
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(4.4)
Substitution of this result in `(z) and (z) yields an expression for the source function
S() =
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>
>
<
>
>
:
1
p
8
0

if 0 6  6

0
2
1
p
8
0
(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.
(4.5)
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This source function diverges for  = 0 and  = 
0
. Because both the emissivity and the opacity are
symmetric with respect to the plane of the galaxy z = 0, the source function is symmetric around
 = 
0
=2, such that S() = S(
0
  ). Because also the boundary conditions of the radiative transfer
model are symmetric with respect to the plane of the galaxy, the radiation eld will also have planar
symmetry, i.e.
I(; ) = I(
0
  ; ): (4.6)
For some of the methods we will discuss here, this planar symmetry can be used to reduce the number
of calculation and hence improve the eÆciency of the routine.
4.3 Comparison of the dierent methods
4.3.1 Benet from the planar symmetry
The planar symmetry does not introduce signicant advantages for the spherical harmonics method.
The only simplication is that z
m
= w
m
, which reduces the number of integrations that have to be
performed from L+ 1 to (L+ 1)=2. In contrary, the discretization method benets considerably from
the planar symmetry, in particular it means a signicant gain in memory requirement. Indeed, for the
general method as described in section 3.4, the elimination scheme consists of two loops. The rst
forward loop iteratively calculates 2N+1matrices and 2N vectors of orderM which serve as coeÆcients
in the second backward loop to determine the radiation eld. The storage of these coeÆcients requires
a lot of memory. If the galaxy has a planar symmetry however, the second loop is not necessary,
because then u
0
= u
N
. Because the second loop consists of simple linear algebra operations, the gain
in eÆciency by skipping it is modest. But the gain in memory requirement is considerable, because
if the second loop can be omitted, it is not necessary to store the coeÆcients. Finally, for both the
iteration method and the Monte Carlo method, the planar symmetry has the greatest advantages. For
the iteration method we only need to construct a grid for  > 0; for negative , the partial intensities
and source functions can be determined by I
n
(; ) = I
n
(
0
  ; ) and S
n
(; ) = S
n
(
0
  ; ).
This reduces the number of spline interpolations and integrations by a factor 2. For the Monte Carlo
method, the planar symmetry allows to add photons leaving at the back of the galaxy to those leaving
at the front, which also means a gain of factor 2.
4.3.2 Choice of the parameters
Each described method has a number of parameters which have to be set, such as the number of points
used in the grids. An optimal choice of these parameters should be such that the accuracy of the
method is guaranteed, and such that the computational requirements are minimal. For all the adopted
methods a minimal accuracy requirement is that the relative error on the observed intensity is less than
one per cent in all directions.
The number L is the only parameter that has to be set for the spherical harmonics method. It
determines the number of terms in the expansion of the intensity, and in particular, the number of
boundary conditions that can be set. Although the expression (3.54) for the observed radiation is valid
for all angles , we only consider the observed intensity (or the attenuation) at those points 
i
for which
the boundary conditions are exactly met, i.e. in the (L+1)=2 positive zeros of the Lth order Legendre
polynomial. At other directions we determine the attenuation A() by a cubic spline interpolation. To
determine a satisfying value for L, we gradually increased it until the boundary conditions were met at
all directions . In general we found that the P
L
solution converges very fast, and that the boundary
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Figure 4.1: The ratio I
n
()=I
n 1
() at the V band of two consecutive terms in the series (3.13), as a function
of n, and for four dierent inclination angles.
conditions were met when L & 15, which we adopted in our calculations. This value is slightly larger
than that used by Di Bartolomeo et al. (1995).
The parameters which have to be set for the discretization method are the numbers of mesh points
M and N . Optimal values for these numbers are hard to determine. On the one hand these values
should not be too large, because of computational limitations. Indeed, every step in the rst loop
consists of 2 matrix inversions, where the order of the matrices is M , the number of angle quadrature
points. This means that totally 2N+1 matrices of orderM need to be inverted, which is a numerically
costly process. On the other hand, the values for M and N should not be taken too small, such
that the approximation of dierentials by dierences and integrals by quadrature sums is acceptable.
Moreover, the iteration method yields the attenuation in the M mesh points, which are the zeros of
the Mth order shifted Legendre polynomial. The attenuation in another directions is found by cubic
spline interpolation. Therefore M should be taken large enough such that the spline interpolation is
satisfying. For our calculations, we found that M = 10 is a satisfying compromise, whereas a typical
values for N is dependent on the total optical depth 
0
. We took N = 100 for our galaxy model, which
means that  = 0:01.
The iteration method requires three numbers to be specied: the sizes L and M of the mesh in
respectively optical depth and angle space, and the number N of partial intensities that has to be
calculated. We adopted M = 20, such that the attenuation is directly given in 10 angle points (the
positive grid points). As in the previous methods, the attenuation in another direction is determined by
a cubic spline t. The choice of L = 40 proved suÆcient for a precise spline interpolation. The choice
of N is determined by the smallest number such that the relation (3.25) holds. To search this number,
we calculated several terms in the sum (3.13) for our galaxy model. The results are shown in gure 4.1,
where we plot the ratio I
n
()=I
n 1
() as a function of n, for four dierent values of . It is clear
that this ratio becomes constant fairly quickly, but that the assumptions of Kylas & Bahcall (1987),
i.e. that this ratio is constant for all n, is actually not satised. In our calculations we adopt the value
N = 2, which corresponds to results which are correct with less than a one per cent error. The number
of integrations that then has to be performed for the total solution of the RTE is 3LM=2. If we are
only interested in the observed radiation eld, the number is reduced to (2L+1)M=2, because the last
intensity I
2
(; ) then only has to be calculated at  = 0.
The parameters that have to be set for the Monte Carlo method are the total number of emitted photons
and the number of bins in the nal histogram. Due to the optimizations described in section 3.5.2, the
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Figure 4.2: Comparison of the V band attenuation curve A
V
() obtained by the four dierent methods. The
results are only shown for the particular values for which the dierent methods yield the solution directly (see
text).
number of photons necessary to obtain reliable statistics is signicantly reduced. Typical values of N
and M we use in our calculations are N = 10
5
and M = 100, such that the mean number of photons
in each bin is around 1000.
4.3.3 Comparison of the numerical results
Because we have four dierent methods to solve the RTE at our disposal, it is straightforward to
check the correctness of the individual methods by comparing their results. In gure 4.2 we plot the V
band attenuation for the four methods considered. We can obviously conclude that the four modeling
procedures are in complete agreement with each other.
However, as already mentioned, the modeling techniques do not reveal the solution at any direction .
The spherical harmonics method only yields A for the (L+1)=2 positive zeros of the Legendre polynomial
of order L+1, the discretization and iteration methods yieldA at the abscissae of the adopted quadrature
formulae, and the Monte Carlo method actually yields a histogram of the attenuation in each of the bins
into which the interval of possible -values is divided. In order to nd the attenuation in a randomly
chosen direction , we use a spline interpolant for the rst three methods, and a tting polynomial
for the Monte Carlo method. In table 4.1 we tabulate the attenuation curve A(), calculated by each
of the four methods, for four inclination angles . This table shows that the dierences between the
dierent solutions is always of the order A  0:01 mag. Figure 4.2 and table 4.1 prove that the four
methods are accurate and consistent.
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 0:25 0:50 0:75 1:00
U sh 1.113 0.617 0.356 0.209
di 1.113 0.617 0.355 0.209
it 1.119 0.617 0.354 0.208
mc 1.108 0.616 0.360 0.213
B sh 1.010 0.520 0.278 0.149
di 1.010 0.520 0.277 0.148
it 1.014 0.519 0.276 0.148
mc 1.003 0.524 0.277 0.129
V sh 0.865 0.398 0.187 0.081
di 0.866 0.398 0.187 0.081
it 0.867 0.397 0.186 0.081
mc 0.851 0.402 0.188 0.078
R sh 0.721 0.299 0.123 0.038
di 0.721 0.298 0.123 0.037
it 0.722 0.298 0.123 0.038
mc 0.710 0.300 0.127 0.029
I sh 0.537 0.197 0.068 0.007
di 0.538 0.196 0.067 0.006
it 0.538 0.196 0.067 0.007
mc 0.533 0.195 0.070 0.007
Table 4.1: A check on the accuracy of the four adopted methods of solving the RTE. The attenuation A() is
tabulated for four inclination angles and for the ve bands U , B, V , R and I. The four results correspond to
the spherical harmonics method (sh), the discretization method (di), the iteration method (it) and the Monte
Carlo simulation (mc).
In principle, we could also check the correctness of the methods by comparing our results with those
obtained by other teams, who adopted similar techniques. Such a comparative analysis is conducted
by Di Bartolomeo et al. (1995), who compared their results for a homogeneous slab with those of
Guiderdoni & Rocca-Volmerange (1987), Kylas & Bahcall (1987), Bruzual et al. (1988), Witt et
al. (1992), Byun et al. (1994) and Calzetti et al. (1994). The discrepancies between the extinction
curves are signicant (e.g. A
U
up to 0.3 mag for 
V
as small as 0.5), and it is important to investigate
why this is so. Are they due to the adopted solution technique or to other causes ? Generally, the
discrepancies can be the result of dierences in
1. the solution method. In ve of the mentioned papers the RTE is solved exactly (i.e. taking
absorption and scattering fully into account) using the discretization, iteration or Monte Carlo
techniques, whereas Guiderdoni & Rocca-Volmerange (1987) and Calzetti et al. (1994) use ap-
proximate analytical solutions.
2. the grain properties. The fact that dierent authors use dierent sets of optical properties
can introduce substantial discrepancies in the attenuation curve. These dierences between the
various values for the grain properties can be very substantial, as clearly shown in gures 1 and 2
of Di Bartolomeo et al. (1995).
3. the geometry. As Di Bartolomeo et al. (1995) indicated, it is sometimes impossible to compare
results because the geometrical conguration used by the various authors is not always the same.
Witt et al. (1992) use a spherical symmetry, Kylas & Bahcall (1987) and Byun et al. (1994)
adopt a axisymmetric galaxy model, whereas the other authors use a plane-parallel homogeneous
slab.
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Figure 4.3: Comparison of our work with that of Bruzual et al. (1988) and Di Bartolomeo et al. (1995). Shown
is the attenuation curve for the U and I bands, for a homogeneous slab with 
V
= 1. The stars and asterisks
represent the results obtained by Bruzual et al. (1988) and Di Bartolomeo et al. (1995) respectively, the curves
are our results where we used the corresponding dust parameters.
In fact in only two of the seven papers, the RTE is solved exactly for a plane-parallel homogeneous
slab: Bruzual et al. (1988) by using the discretization technique and Di Bartolomeo et al. (1995) by
adopting the expansion in spherical harmonics. However, the authors adopt a dierent set of optical
properties of the dust grains, and the dierences A() between the attenuation curves can still be
due to the rst two points mentioned above.
To test to which degree the adopted technique contributes to the dierences in the extinction curve,
we consider a plane-parallel slab, and solve the RTE twice for each of the four methods at our disposal:
once with the dust grain parameters of Di Bartolomeo et al. (1995) |the ones we adopt throughout
this paper|, and once with those of Bruzual et al. (1988). For a galaxy with total optical depth

V
= 1, the results are shown in gure 4.3 for the U and I bands. We nd a very good agreement
between the results obtained by Bruzual et al. (1988) and Di Bartolomeo et al. (1995) respectively, and
our results with the corresponding dust parameters. This demonstrates that the attenuation dierences
A are completely due to the diering dust properties, and that the spherical harmonics and iteration
methods are reliable.
4.3.4 Comparison of the computational eÆciency
Besides being accurate, another desirable quality of a solution method is the computational eÆciency,
as we explained in the introduction. For the spherical harmonics method (with L = 15), the only
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spherical harmonics 0.091 s 1
discretization 2.55 s 28
iteration 15.68 s 172
Monte Carlo 15.25 s 168
Table 4.2: A comparison of the computation time necessary for the calculation of the attenuation curve A()
for a single wavelength. The rst number gives the actual computation time in seconds, the second number is
the computation time relative to the spherical harmonics method.
numerically costly operations are the calculation of the eigenvalues of a matrix of order 16, the inversion
of such a matrix, and 8 integrations. For the discretization method (with M = 10 and N = 100) the
most costly operation is the inversion of the 201 matrices of the order 10. The computation time for the
inversion of a matrix of order M is proportional to M
3
when it is performed using LU decomposition
(Press et al. 1989), such that the numerical cost of the discretization method will be considerably high.
The iteration method with L = 40,M = 20 and N = 2 requires 30 cubic spline ts of order 40, and 410
integrations. Although the integrands are well-behaved (the product of a smooth source function with
an exponential), such that each individual integration is relatively easy to perform, the high number of
integrations makes the iteration method numerically costly. Finally, for the Monte Carlo simulation, the
only costly operation for each photon trajectory is the generation of 2n+ 3 pseudo-random numbers,
where n is the number of scatterings for the photon. Because the number of photons must be fairly
high in order to achieve reliable statistics (we use N = 10
5
), the numerical cost of the Monte Carlo
method is considerable.
In table 4.2 we tabulate the mean computation time necessary for the calculation of the attenuation
curve for a single wavelength. This little table shows that the iteration method and the Monte Carlo
simulation have the same eÆciency, and that the spherical harmonics method is signicantly more
eÆcient that the other methods. Although for this simple one-dimensional plane-parallel geometry the
eÆciency is less important (the computation times are very feasible for all methods), it will be important
if we want to extend these solution to more complex geometries.
4.3.5 Extension to more complex geometries
The implementations described in this paper can handle the RTE in a plane-parallel geometry, and
although they can accommodate any vertical star-dust geometry, they cannot model real disc galaxies.
More realistic models require a light distribution that also decreases exponentially in the radial direction
(Freeman 1970, Saio & Yoshii 1990, Firmani et al. 1996). Instead of a one-dimensional plane-parallel
geometry, the RTE then has to be solved in a two-dimensional axisymmetric geometry. This extra
dimension complicates the RTE substantially, because then four independent variables are then necessary
to describe the radiation eld (section 2.3.2). This observation forces us to think about how the
techniques described in this paper can be generalized to solve the RTE in axisymmetric disc galaxy
models.
The most obvious candidate for extension to axisymmetric galaxy models (or any other geometry) is
the Monte Carlo simulation. This technique has already been applied several times to realistic disc
galaxy models (e.g. Bianchi et al. 1996, Ferrara et al. 1996, de Jong 1996, Wood & Jones 1997,
Matthews & Wood 2001). Besides being able to treat any geometry, it is also suÆciently exible to
treat, for example, clumpy dust distributions (Witt & Gordon 1996, 2000, Bianchi et al. 2000). This
exibility makes Monte Carlo simulations probably the most powerful technique for solving complicated
radiative transfer problems. However, their great numerical cost is a disadvantage, and this cost will
grow strongly if the method is extended to axisymmetric geometries. Indeed, given an initial position,
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direction and a pathlength, the next position on the path is directly calculated in our plane-parallel
geometry, but in axisymmetric geometries this becomes a very time-consuming operation (Bianchi et
al. 1996). Therefore it is worth while to investigate how the other techniques can be generalized.
Also the iteration technique is easily extendible to more complex geometries. And in contrast to the
Monte Carlo simulation, it can be expected that the numerical cost will grow in proportion to the
number of dimensions. If meshes of order J and K are constructed in order to account for the extra
radial and azimuthal dimensions in axisymmetric geometry, the entire routine can be expected to take
about JK times as much computation times. The iteration method has been adopted to solve the RTE
for axisymmetric disc galaxies in its original form (Vansevicius et al. 1997), but it is the modication
by Kylas & Bahcall (1987) that has increased the eÆciency considerably, and turned the method into
a very practical instrument to investigate dust attenuation in disc galaxies (Bosma et al. 1992, Byun
et al. 1994, Misiriotis et al. 2000). In particular, the method has been adopted to construct detailed
radiative transfer models for a set of highly inclined disc galaxies (Xilouris et al. 1997, 1998, 1999),
which have been compared with dust emission models (Alton et al. 2000). It is interesting that the
results of Xilouris et al. (1999) seem at a rst glance not in correspondence with the Monte Carlo results
of Kuchinski et al. (1998), whose computed optical depths are approximately a factor 2-3 higher.
In the previous paragraph, it was shown that, while the eÆciency of the Monte Carlo and iteration
techniques is comparable (at least for the one-dimensional geometry), the spherical harmonics method
is superb in eÆciency. It is in fact possible to extend the expansion in spherical harmonics to geometries
other than plane-parallel or spherical (Davison 1957). However, another way to extend the spherical
harmonics technique to axisymmetric disc galaxies has been proposed by Corradi et al. (1996), who
assume a local plane-parallel geometry along each line-of-sight. The RTE can then be solved for each
line of sight separately, such that the computation time will be very small. The limitation of this method
however is that the assumption of a local plane-parallel geometry must remain acceptable. For (nearly)
face-on galaxies this may be the case, because the scale at which the galaxy's structure (i.e. the source
function) changes on the plane of the sky is small compared to the mean free path of the photons. For
highly inclined galaxies however, the assumption of local plane-parallel geometry will not be applicable.
The last described method, the discretization method is a typical one-dimensional technique and is least
suitable for extension to more complex geometries.
4.4 Discussion
Several techniques are adopted in the literature to solve the RTE, even for realistic axisymmetric disc
galaxy models, but the accuracy, eÆciency and exibility of these methods has never been properly
compared. Nevertheless the deprojection of the surface brightness of galaxies usually implies a large
number of RTE solutions, such that eÆciency is a very important property of a good solution method.
For the same reason accuracy is important: the eects of dust on the attenuation on certain physical
parameters can be very weak, such that a high accuracy is required to determine the stellar and dust
distribution. And last but not least, there are many ways to solve the RTE for simple one-dimensional
geometries, but the modeling of real galaxies demands methods which are applicable to geometries
other than plane-parallel or spherical, in the rst place axisymmetric. Therefore exibility is necessary.
In this chapter we have investigated four dierent methods to solve the RTE in a simple plane-parallel
geometry: the spherical harmonics method, the discretization method, an iterative method and a Monte
Carlo simulation. All of them are adapted such that they solve the RTE exactly (i.e. with the physical
processes of absorption and multiple scattering properly taken into account), and that they allow an
arbitrary vertical distribution of stars and dust and an arbitrary ARF. For a galaxy model with realistic
vertical structure and dust parameters, all four methods yield exactly the same results, with dierences
between the attenuation curves at most a few hundredths of a magnitude. They can thus be considered
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as accurate. We also compare our results with those obtained by others, and nd that the results are in
agreement with each other. Concerning eÆciency, the iteration method and Monte Carlo method are
close, whereas the discretization method is 6 times as eÆcient, and the spherical harmonics method
even 170 times. Whereas the Monte Carlo method can easily be generalized to an arbitrary geometry,
we anticipate that the iteration method will probably be the most eÆcient routine in axisymmetric
geometry. The adaptation of the routine to axial symmetry is more or less straightforward, and the
eÆciency will not suer as much from the extra dimensions as the Monte Carlo simulation. This issue
will be thoroughly investigated and presented in a forthcoming paper.
Chapter 5
The inuence of scattering and
geometry on the attenuation
5.1 Introduction
From the previous chapters it is clear that solving the RTE is not straightforward, even in a simple
plane-parallel geometry. Therefore it might be interesting to see whether it is possible to simplify
the RTE. Because the scattering term is responsible for the integro-dierential character of the RTE,
an adaptation of this term can obviously simplify the RTE. It can either be downright neglected, or
approximated by forward or (approximate) isotropic scattering. Although the importance of a proper
treatment of scattering is advocated by Bruzual et al. (1988) and Witt et al. (1992), many authors have
adopted these approximate solutions (e.g. Christensen 1990, Calzetti et al. 1994, Jansen et al. 1994,
Ohta & Kodaira 1995). It is obviously important to know the errors introduced on the attenuation
curve by the various approximate solution techniques, but these have never been clearly determined.
Usually the approximate solutions are simply adopted without concern about the errors they induce. To
make things worse, Disney et al. (1989) showed that the geometry of the stellar and dust distribution
strongly determines the observed radiation eld (without including the eects of scattering however).
Lack of knowledge about the geometry can thus also introduce signicant errors on the attenuation of
galaxies.
In chapter 3 we considered four methods to solve the RTE exactly in a plane-parallel geometry. These
methods can accommodate an arbitrary vertical distribution of stars and dust. In the present chapter, we
will adopt these methods to quantify the eects of scattering and geometry on the observed radiation
eld (or the attenuation) of disc galaxies. On the one hand, we can apply them to a disc galaxy
model with a realistic vertical structure, and compare the results with those obtained by using the
various approximate solutions. This will allow us to quantify the errors introduced by the dierent
approximations, and the importance of properly including scattering. On the other hand, we can apply
these methods to a family of realistic galaxy models that can accommodate a wide range in distribution
of stars and dust. This will allow us to investigate the inuence of the geometry of the stellar and
dust components on the attenuation curve, without any simplifying assumptions on the RTE such as
the neglect of scattering. Because we can solve our radiative transfer problems with four completely
independent methods, the accuracy of the results is guaranteed by the consistency.
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5.2 The inuence of scattering on the attenuation
In optical depth coordinates, the general expression for the RTE in plane-parallel geometry was given
by equation (3.11)
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This equation is a partial integro-dierential equation, containing a dierentiation along the path and
an integration over the angle. The scattering term is the one that makes the RTE diÆcult, because
this term is responsible for the coupling of the RTE along dierent paths: due to the integration over
 we cannot solve the RTE for dierent paths consecutively, but we have to solve it for all paths at the
same time. Therefore it would be very practical if we could somehow get around the last term. We will
test various approximations of the RTE, where the scattering term is neglected or approximated. We
will adopt the disc galaxy model described in section 4.2. It was dened by
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As in the previous chapter, we concentrate on the moderate optical depth 
V
= 1. In the remainder of
this chapter we will refer to this model as the template model.
5.2.1 Approximations of the RTE
No scattering
One way to simplify the RTE is to neglect the scattered emission, i.e. to take into account the photons
that are removed from the beam, but neglect the photons that are added to the beam due to scattering.
This is the same as assuming that all the interactions between dust grains and photons are absorption
only, and we will denote the resulting attenuation curve as the ao attenuation. Mathematically this
translates into setting ! = 0 (the albedo is the ratio of the scattering eÆciency to the total extinction
eÆciency), such that the last term in (5.1) vanishes, which turns the RTE into an ordinary dierential
equation

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With the appropriate boundary conditions it can directly be solved, and the ao attenuation becomes
A
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For the template model this expression can be evaluated analytically. Substituting the source func-
tion (5.4) into (5.6) we obtain
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where the function W

(x) is dened in appendix A.1.
A second way of getting around the scattering term is to neglect scattering completely, both the
scattering absorption and the scattering emission. The photons that would normally be scattered out
of the beam, are thus assumed to continue on their path. For the RTE this means that not only the
last term vanishes (the photons added to the beam due to scattering), but also a fraction of the rst
term (the photons removed from the beam due to scattering). In this case the RTE becomes

@I
@
(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This kind of interaction can also be described as completely forward scattering, because also then a
scattering event has no net eect on a beam. In section 2.4.2 we saw that the ARF for pure forward
scattering is 	(; 
0
) = 2Æ(  
0
), and inserting this in (5.1) we nd the same equation (5.8). This
equation is readily solved, and the fs attenuation is
A
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It is straightforward to see that fs attenuation is in fact equivalent to ao scattering, but with the total
optical depth replaced by an eective optical depth 
e
= (1 !)
0
. For our template model we hence
nd
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(Approximate) isotropic scattering
In radiative transfer problems, much attention has always been paid to isotropic scattering. In some
physical situations the assumption of isotropy can be correct. For example, according to Bruzual et
al. (1988) and Corradi et al. (1996), the asymmetry parameter is close to zero in the near-infrared K
band, such that scattering is virtually isotropic there. Note however that this assumption is not always
followed, e.g. Gordon et al. (1997) nd g
K
= 0:43. Another useful situation where the assumption of
isotropy can be applied is a medium where photons have a large probability to be scattered more than
once, because multiple scattering tends to wash out the anisotropy eects. This principle has been
applied by Vansevicius et al. (1997), who solve the RTE in a disc galaxy using the iteration method.
For the rst scattering they adopt the general anisotropic scattering, for the next scattering events
isotropic scattering is assumed.
For isotropic scattering the distribution of the angles after a scattering event is uniform, such that
the ARF is simply 	(; 
0
) = 1. A proper treatment of isotropic scattering hence does not change
the integro-dierential character of the RTE, and still requires the solution of the RTE along all paths
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together. There are however two ways to approximate isotropic scattering such that the integration in
the scattering term disappears.
The rst possible approximation to isotropic scattering is the so-called isotropic two-stream approxi-
mation (Code 1973). In the ts approximation a photon always remains on the same path, and after a
scattering event it will either move in the same direction (i.e. forward scattering), or it moves in the
opposite direction (i.e. reection). The probability of forward scattering and reection are equal. The
ARF corresponding to this kind of scattering is thus innitely peaked in two directions, and can be
written as 	(; 
0
) = Æ(  
0
) + Æ(+ 
0
). The intensity for a certain value of  can then be found
by solving the coupled set of RTEs
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For each inclination angle  this set of ordinary dierential equations can be solved directly, such that
we can calculate the two-stream attenuation curve A
ts
().
Another approximation for isotropic attenuation has been introduced by Natta & Panagia (1984),
and afterwards adopted by various authors (e.g. Guiderdoni & Rocca-Volmerange 1987, Calzetti et
al. 1994). Natta & Panagia (1984) suggest that a good approximation can be achieved by considering
an attenuation equivalent to ao attenuation, but replacing the total optical depth by an eective optical
depth 
e
=
p
1  ! 
0
. The approximate isotropic attenuation or ai attenuation is thus
A
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d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Although there is no physical principle behind this approximation, it is attractive due to its simplicity.
In particular, for our template model we obtain
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5.2.2 Comparison of the attenuation curves
In the previous section we have described ve approximations for the attenuation curve A(). These
are compared in the gures 5.1 and 5.2, where we plot them respectively as a function of wavelength
for two dierent angles , and as a function of angle for the V band.
Scattering versus no scattering
We rst compare the attenuation curve with the ao approximation, i.e. the situation where the scattering
emission is neglected. Qualitatively, the dierence between the ao and all other attenuation curves is
obvious: by not taking into account the scattered emission, the attenuation is overestimated in all
directions. Because the probability of scattering is slightly higher than the probability of absorption at
optical wavelengths (see table 2.1), it will be no surprise that this overestimation compared to the true
attenuation can be considerable. In particular for face-on directions, we obtain a dierence of nearly
half a magnitude for our template model.
Another way to understand the eect of scattering is to compare the true attenuation curve with the fs
attenuation curve, i.e. the situation where scattering is neglected completely. Particularly in gure 5.2
the eect of including scattering on the attenuation curve is clearly observable: the attenuation becomes
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Figure 5.1: The various attenuation curves A() as a function of wavelength. The left and right panel corre-
spond to  = 0:25 and  = 1 respectively. The adopted model is the template model.
Figure 5.2: The V band attenuation curves A() as a function of . The dierent curves correspond to those
in gure 5.1.
larger for small  and smaller for large . The net eect of scattering is thus apparently that photons
are removed from lines of sight with a high inclination and sent into face-on directions, where they leave
the galaxy. This is due to the fact that the optical depth along a path with inclination  is proportional
to 1=. Photons that initially (or after a scattering event) move on a path with large inclination have
a large possibility to interact with a dust grain. If they are scattered into a direction which is nearly
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Figure 5.3: The V band face-on attenuation A(1) as a function of the total optical depth 
0
. Shown are the
attenuation corresponding to photons that leave the galaxy directly, directly or after one scattering (direct +
1s), directly or after one or two scatterings (direct + 1s + 2s), and the total attenuation. Except for the varying
total optical depth, the galaxy models have the same parameters as the template model.
face-on, the probability to interact with another dust grain is much smaller, such that they can easily
leave the galaxy.
This net eect of scatterig is responsible for a rather strange behavior for face-on galaxies. If we look
carefully at the right panel in gure 5.1, we see that the true face-on attenuation becomes zero at the I
band. The loss of radiation due to absorption (0:2 mag  20 per cent) is thus completely balanced by
the gain due to scattering. This is not due to some particular properties of the dust at the I band, but
only to the smaller optical depth. When we consider a smaller total optical depth, the extinction can
even be negative, i.e. a face-on galaxy can be brighter than it would be without dust. This is illustrated
in gure 5.3, where we plot the face-on attenuation in the V band as a function of the total optical
depth. We adopted the iteration method such that the contribution of each partial intensity can be
considered separately. The attenuation corresponding to the photons that leave the galaxy directly, i.e.
the ao attenuation, is of course positive everywhere. But adding the photons which leave the galaxy
after one scattering event, the attenuation already is negative for 
0
< 0:25. The total attenuation
remains negative for 
0
< 0:5, a result in correspondence with Bruzual et al. (1988) and Di Bartolomeo
et al. (1995).
Anisotropic versus isotropic scattering
At rst sight one would expect a signicant dierence between the isotropic and the anisotropic atten-
uation curves. Firstly, at optical and UV wavelengths the anisotropy parameter is fairly large (g  0:5),
and for these wavelengths the Henyey-Greenstein phase function is far from isotropic, as shown in g-
ure 2.3. Secondly, the total optical depth in our galaxy model is only moderate, such that the anisotropy
eects should not be washed out by multiple scattering. However, the gures 5.1 and 5.2 show that
the isotropic attenuation approximates the anisotropic attenuation very well, with dierences between
both attenuation curves only a few hundredths of a magnitude. In order to understand this, we recover
gure 2.4, where the V band Henyey-Greenstein ARF is plotted for various values of 
0
. For nearly
face-on lines-of-sight 
0
, the distribution of the new angles  is far from uniform. For very inclined
lines-of-sight however, the ARF is fairly uniform, due to the averaging out over all azimuths. For pho-
tons which are scattered from such lines-of-sight, the scattering seems thus approximately isotropic.
In a plane-parallel geometry, the majority of the scattering events occurs on paths which are nearly
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Figure 5.4: The stellar emissivity `(z) of the family of sech
q
models (5.14). It is shown for dierent values of
the parameter q, ranging between the extreme values q = 0 and q = 2, which are indicated and plotted in bold.
It is clear that they all have the same exponential asymptotic behavior, whereas the sharpness of the peak at
z = 0 is determined by q.
edge-on, because along such paths the optical depth is much larger than on paths which are nearly
face-on. This explains why even for the moderate optical depth of our galaxy model, the dierences
between the isotropic and anisotropic attenuation are fairly small.
As mentioned, there is little gain in the fact that the isotropic attenuation curve approximates the true
anisotropic one so well, because the approximation does not tremendously simplify the RTE. However,
if the ts or ai attenuation curves were to be satisfying approximations for the isotropic attenuation
curve, the operational gain would be signicant. Unfortunately, gures 5.1 and 5.2 show that the
approximations are not satisfying. The two-stream approximation is both qualitatively and quantitatively
comparable to the fs approximation, i.e. an overestimation of the attenuation in face-on directions of
more than 0.1 mag, and an underestimation of the same order for highly inclined directions. The ai
attenuation curve lies between the ao and fs attenuation curve, which is logical if we compare the
expressions (5.6), (5.9) and (5.12). This means that the approximation is satisfying for highly inclined
directions, but the attenuation is severely overestimated in the face-on direction (A  0:25 mag).
5.3 A family of disc galaxy models
Until this point we have considered a representative disc galaxy model, and adopted it to compare exact
(chapter 4) and approximate (section 5.2) methods to solve the RTE in a plane-parallel geometry. In
this chapter we will extend this template model to a family of disc galaxy models.
5.3.1 The stellar distribution
As mentioned in section 4.2.1, the two most popular parameterizations of the vertical distribution
of stars in disc galaxies are the isothermal sheet distribution and the exponential prole. The true
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distribution probably lies in between these two extremes. A useful family of emissivity proles which
has these two proles as specic (extreme) cases is described by van der Kruit (1988),
`(z) =
1
q B(
q
2
;
1
2
)h
sech
q

z
qh

; (5.14)
with the rst factor such that the normalization condition (3.7) is satised. At great heights above the
plane of the galaxy, the light distribution (5.14) indeed decreases exponentially,
`(z) / e
 jzj=h
for jzj  h: (5.15)
The rst parameter in (5.14) is the exponential scaleheight h, and the second parameter, q, corresponds
to the 2=n used by van der Kruit (1988), and takes values between 0 and 2. It determines the shape of
the stellar density near the plane of the galaxy, and hence is called the shape parameter. More precisely,
the peak of the emissivity at z = 0 becomes sharper as q decreases. A number of emissivity proles for
various values of q is illustrated in gure 5.4. For the special cases corresponding to the values q = 0,
1 and 2, we nd the exponential, the sech- and the isothermal disc respectively,
q = 0 `(z) =
1
2h
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(5.16)
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q = 2 `(z) =
1
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2

z
2h

: (5.18)
Although the sech
q
proles can be adopted for any value of q between 0 and 2 (e.g. de Grijs et al. 1997),
in particular these three models are widely used in the literature to model the vertical structure in disc
galaxies.
This stellar emissivity prole (5.14) is an extension of the emissivity prole of our template model,
which corresponds to q = 0. We can ask ourselves the question whether this is a representative value,
because it lies at the edge of the allowed interval for q. Schwarzkopf & Dettmar (2000) investigated
the surface brightness of a set of 110 edge-on disc galaxies, and determined the best tting q-value (0,
1 or 2) for each galaxy. They found that the intermediate sech-prole tted the data (optical as well as
near-infrared) best for 55% of the galaxies, whereas the exponential and isothermal proles tted 35%
and 10% of the galaxies. This would suggest to choose q = 1 as the typical value for our template
model. However, in section 5.4.1 we will demonstrate that the choice of q has only a minor eect on
the attenuation curve, such that we are relatively free to choose q to our convenience. This justies the
fact that we have chosen q = 0, which is computationally the most attractive due to its simple source
function (see section 5.3.3).
5.3.2 The dust distribution
In chapter 4 we assumed that the distribution of the dust is similar to that of the stars, but with a
dust scaleheight which is half of the stellar scaleheight. In order to investigate the eect of the relative
star-dust geometry, we will now consider a family of dust distributions where the layering parameter ,
i.e. the ratio of the scaleheights of dust and stars, can vary. We thus adopt a family of opacity functions
(z) =

0
q B(
q
2
;
1
2
) h
sech
q

z
qh

; (5.19)
which satises the normalization condition (3.10).
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5.3.3 The source function
Combining the emissivity and the opacity, we can in principle calculate the source function S() for our
galaxy models. Introduction of the opacity (5.19) into the denition (3.9) of the optical depth scale
yields
(z) =
8
>
>
<
>
:

0
2

2  I
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
if z 6 0
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
if z > 0;
(5.20)
where I
x
(a; b) represents the incomplete Beta function (Abramowitz & Stegun 1965), and where we
have set
 =
s
sech

z
qh

: (5.21)
Inverting this relation we obtain z(), and substitution into the emissivity and opacity functions then
yields the source function S(). For non-integer q's the inversion has to be performed numerically.
For the three possible integer values of q however, this recipe can be executed analytically. For the
exponential model q = 0 we nd
S() =
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which reduces to the source function (4.5) if we set  =
1
2
. For the sech-model, corresponding to q = 1
we obtain
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) =
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Finally, for the isothermal sheet q = 2 we obtain
S() =
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4
0
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0
: (5.24)
5.4 The inuence of geometry
The family of models presented in the previous section contains two parameters which determine the
geometry of the galaxy model: the shape parameter q determines the actual distribution of stars and
dust near the galaxy plane, whereas the layering parameter determines the relative distribution of stars
and dust. In this section we investigate to which degree these geometry parameters determine the
attenuation curve of the galaxy.
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Figure 5.5: The source function S() of the family of sech
q
models as a function of the parameters q and .
In each of the panels the template model is represented by the black curve, and we vary one of the geometry
parameters. In the left panel the shape parameter assumes the values 0, 1 and 2, and in the right panel the
layering parameter takes the values 0.25, 0.5, 1 and 1.5.
Figure 5.6: The V band attenuation A
V
() for three galaxy models with a dierent shape parameter q. The
black curve is our template model with q = 0, the other models correspond to a similar model with q = 1 and
q = 2.
5.4.1 The shape parameter q
The RTE (5.1) shows that the source function completely determines the attenuation curve, i.e. once
S() is known, we can calculate A(). Therefore, if we want to know the inuence of q on the
attenuation curve it is interesting to rstly study its inuence on the source function. In gure 5.5 we
plot S() for various models with dierent shape parameters. The source function depends only weakly
on the parameter q, more precisely the shape of S becomes slightly rounder at the center of the galaxy
as q increases. It seems logical to predict a similar insensitivity on q for the attenuation curves.
In gure 5.6 we plot the V band attenuation curve A
V
() for the same three values of q. This
plot clearly demonstrates that the attenuation is very insensitive of the shape parameter q. Even the
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Figure 5.7: The attenuation as a function of the layering parameter . The two left panels show the fs and the
true attenuation curves as a function of  for dierent values of the layering parameter , which are indicated.
In the top left panel, the black curves denoted by  = 0 and  = 1 correspond to the thin dust disc and
overlying sheet models respectively. The right panel shows the true and fs attenuation curves explicitly as a
function of the layering parameter . The solid lines represent the true attenuation curve, the dotted lines are
the fs attenuation curves.
dierences between A
V
() for the two extreme cases, the exponential disc and the isothermal sheet,
are almost negligibly small.
5.4.2 The layering parameter 
The layering parameter is the ratio of the scaleheights of dust and stars and hence determines the
relative distribution of the two components. Variation of this parameter yields a wide range of dust-
stars geometries. This can be seen in gure 5.5, where the source function is plotted for various models
with dierent layering parameter . According to the shape of the source function for a particular value
of , we can classify the dierent geometries into three classes.
For  = 1, the stars and dust have the same scaleheight and thus the same spatial distribution. The
source function is then independent of the depth in the galaxy, and due to the normalization (3.7)
we nd S() = 1=
0
. In general, each galaxy model with a similar distribution of stars and dust will
have such a constant source function. Because the attenuation curve is completely determined by the
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source function only, all galaxy models with a similar distribution of stars and dust will be equivalent.
In particular, our model will be equivalent to the homogeneous slab, i.e. a nite galaxy model with stars
and dust homogeneously mixed. Such a model has been considered by many authors (e.g. Bruzual et
al. 1988, Calzetti et al. 1994, Di Bartolomeo et al. 1995) as an approximation of a disc galaxy.
For  < 1 the dust has a smaller scaleheight than the stars, such that the attenuation will predominantly
occur in the central regions. As mentioned in section 4.2.2, this is the most realistic range for the layering
parameter (at least for the dust component responsible for the dust lanes observed in edge-on galaxies).
If  < 1, the source function has its minimal value in the center of the galaxy, and diverges at the
edges. If  tends to zero, the dust will form an innitely thin obscuring layer in the central plane of the
galaxy. We will refer to this model as the thin dust disc model.
For  > 1 the dust has a larger scaleheight than the stars, and the attenuation will thus occur relatively
more in the outer regions of the galaxy. The source function is then maximal in the center of the
galaxy, and vanishes at the edges of the galaxy. If  grows larger, the bulk of the dust attenuation will
occur further away from the central plane of the galaxy. In the limit  !1 the dust is innitely thinly
distributed over all space, and will eectively behave as a set of two obscuring layers on both sides of
the galaxy. This geometry, where the obscuring material is located only between the observer and the
source, is known as the overlying screen model. It is the analogue of attenuation of stars in the Galaxy.
Various authors advise against the use of this model (Bruzual et al. 1988, Disney et al. 1989, Witt et
al. 1992).
The source function is thus strongly dependent on the relative distribution of stars and dust, whereas
the actual shape of the distribution is only of minor importance. We will now investigate in detail
is whether this also means that the inuence of the layering parameter on the attenuation curve is
signicant.
Eects on the fs attenuation curve
First we will only consider true absorption and neglect scattering, and we will hence investigate the
inuence of  on the fs attenuation curve. For the exponential model q = 0, the expression (5.10) can
be extended for general values of ,
A
fs
() = 0:543
(1  !) 
0

  2:5 logW


(1  !) 
0
2

; (5.25)
a formula which can be derived by substitution of the source function (5.22) into the expression (5.9)
in exactly the same way as done in section 5.2.1 for the special case  =
1
2
. The advantage of this
expression is that it easily allows us to study the attenuation curve as a function of . Appendix A.1
learns that W

(x) is a decreasing function of  for every value of x, moderately decreasing for small x
and strongly decreasing for large x. This implies that A
fs
() will be a increasing function of . The
more extended the dust distribution, relative to the stellar one, the larger the attenuation and thus
the fainter the galaxy appears. In particular, the overlying screen model is the most eÆcient and the
thin dust disc the least eÆcient absorbing geometries. This behavior is illustrated in the top left panel
of gure 5.7, where we plot the fs attenuation curve A
fs
() as a function of  for a set of layering
parameters . For highly-inclined directions (small values of ) the fs attenuation changes considerably
as a function of the layering parameter.
Eects on the true attenuation curve
Let us now investigate the inuence of  on the true attenuation curve, which has to be calculated
numerically. In the bottom left panel of gure 5.7 the results are shown: we see a dierent behavior
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Figure 5.8: Same as gure 5.7, but for an optically thick galaxy model with 
V
= 3.
between the fs and the true attenuation curves. Whereas the fs attenuation is a increasing function of 
in all directions, the true attenuation is not: for small inclination angles, the true attenuation decreases
as a function of . This dierence is also illustrated in the right panel of gure 5.7, where we plot the
fs and true attenuation explicitly as a function of the layering parameter for dierent inclination angles.
The fs curves all rise, whereas the true attenuation curve rises for small values of , but decreases in
the face-on direction  = 1.
If absorption only is taken into account, galaxies with an extended dust distribution are more eÆciently
obscured than galaxies with their dust concentrated in the central region. If scattering is included,
the eÆciency apparently turns around for face-on directions. In face-on directions, galaxies with their
dust concentrated in the central region are more eÆciently obscured than galaxies with an extended
dust distribution. How can this be understood physically? In section 5.2 we showed that scattering
biases the preferential direction for photons to leave the galaxy: it is easier to leave it face-on than
for highly-inclined directions. In particular photons which are scattered near the edge of the galaxy are
responsible for this: if a photon is scattered there into a face-on direction, its probability to leave the
galaxy without another interaction is high. Now, the more extended the dust distribution in the galaxy,
the more dust in the outer regions, and the more photons which are scattered out of the galaxy in
nearly face-on directions. Relative to galaxies with concentrated dust, galaxies with an extended dust
distribution on the one hand eÆciently absorb photons and on the other hand they scatter a considerable
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Figure 5.9: Three attenuation curves A() as a function of wavelength for three models with a dierent layering
parameter. The values for  are 0.1, 0.5 and 1, the other parameters are those of the template model (
V
= 1
and q = 0). The upper panel and the lower panel correspond to  = 0:25 and  = 1 respectively.
amount of photons in the face-on direction. Which of these two eect dominates is determined by the
total optical depth. For small optical depths the scattering eect will be more important, and A()
will decrease with increasing  for nearly-face-on directions. In contrary, for large optical depths, the
absorption will dominate and A() will be an increasing function of . This is shown in gure 5.8,
which shows identical graphs as gure 5.7, but for an optically thick galaxy model with 
V
= 3. We
can thus conclude that
 inclined galaxies with a moderate optical depth are most eÆciently obscured if the dust is more
extended than the stars.
 nearly face-on galaxies with a moderate optical depth are most eÆciently obscured if the dust is
concentrated in the central regions.
 optically thick galaxies are most eÆciently obscured if the dust is more extended than the stars.
Notice that the dierence between small and large optical depth can also be considered for one single
galaxy, when we study the attenuation as a function of wavelength. This is shown in gure 5.9, where
we plot the attenuation curve as a function of wavelength for two angles  and for three models with
a dierent layering parameter. For a total V band optical depth 
V
= 1, the attenuation behaves as
an optically thick galaxy at the blue side of the spectrum, and as an optically thin galaxy in the red
wavelength range, with the crossover between the two regimes occurs around 300 nm (
0
 2).
These results can be compared with those found by Bruzual et al. (1988), who adopted a sandwich
model (i.e. a slab where stars and dust are homogeneously mixed, surrounded on both sides by a
slab containing stars only). They varied the relative thicknesses of the slabs, and found a similar
dependence of the attenuation curve on the layering parameter (only shown for the face-on direction
 = 1). Bruzual et al. (1988) concluded that the dierences in the attenuation curve between the
various models have the same order of magnitude than the uncertainties due to an imprecise knowledge
of the optical parameters of the dust, and hence that a homogeneous slab is a satisfying model for disc
galaxies. We agree that in the face-on direction, quantitatively the dierence in attenuation between
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centrally concentrated and extended distributions is of the order A  0:1 mag for optical wavelengths.
These dierences become even smaller if we constrain the range of  to realistic values. The layering
parameters obtained by Xilouris et al. (1999) all lie between 0.30 and 0.75 at optical wavelengths, and
for these values A() is only of the order of a few hundredths of a magnitude. Also for moderately
inclined galaxies, the attenuation curve will not seriously depend on  if it this parameter is constrained
to a realistic range. Only if the optical depth is considerably higher, due to (a combination of) a larger
amount of dust, a more opaque wavelength region or a large inclination, the uncertainty of the relative
geometry of dust and stars causes a considerable uncertainty on the attenuation.
5.5 Discussion
The aim of this chapter was to investigate how the RTE can be simplied and what errors are introduced
by doing so. More than a decade ago already, Bruzual et al. (1988) investigated to the eects of
scattering on the attenuation in disc galaxies (albeit for a simple plane-parallel model), and Disney et
al. (1989) showed that the adopted geometry of the galaxy model strongly inuences the attenuation
(without taking scattering into account however). We wanted to reexamine these eects in detail and in
the same manner, i.e. within a realistic set of disc galaxy models and properly taking multiple scattering
into account.
In section 5.2 we showed that the nature of the physical process of scattering is such that it connects
dierent lines-of-sight with each other. The net eect of scattering is that photons which originally move
on a inclined line-of-sight, leave the galaxy in the face-on direction. Any approximate method to simplify
the RTE where photons cannot leave their initial path (such as the ao, fs, ts and ai approximations
described in section 5.2), will not be able to reproduce this behavior. In particular for face-on galaxies,
the optical depth will always be underestimated by such approximations, as illustrated in gure 5.1. If
we compare the attenuation curves corresponding to isotropic and anisotropic scattering however, we
see that the dierence between them are only of the order of a hundredth of a magnitude. Anisotropy
eects are essentially washed out. Inversely it will be impossible to determine an ARF from photometry.
The eects of scattering are also important if we investigate the inuence of the star-dust geometry
on the attenuation in disc galaxies. If scattering is not taken into account, as in Disney et al. (1989),
we nd that the attenuation is more eective if the dust distribution is extended. For a same amount
of dust, the larger the layering parameter, the larger the attenuation. In particular this means that
the overlying screen geometry is the most eÆcient obscuring geometry, whereas galaxies with a dust
scaleheight smaller than the stellar scaleheight, are less eÆciently obscured. When scattering is taken
into account, this picture does not hold anymore. We nd the remarkable eect of scattering that in
the face-on direction, galaxies with a moderate optical depth (
0
< 2) are most eÆciently obscured by
a centrally concentrated dust distribution. This is very interesting because the optical depth of spiral
galaxies is thought to be of the order unity in optical bands.
The eects of scattering and geometry not only need to be investigated in a qualitative way, it is
important to know them quantitatively. This allows us to answer questions as how large our error
is when we approximate anisotropic scattering by assuming it is forward, or when we assume a dust
scaleheight equal to that of the stars, where in reality it is only half of it.
The magnitude of these errors depends on the inclination. In the face-on direction, the errors induced
by not properly taking scattering into account are largest. In the absorption only approximation, the
induced errors rise up to nearly half a magnitude, for forward scattering they are of the order of 0.15 mag
at optical wavelengths. The errors introduced by uncertainty about the star-dust geometry are only of
the order of a few hundredths of a magnitude, and thus signicantly smaller. For inclined directions,
the optical depth along lines-of-sight towards the observer is much larger. The attenuation curve
then becomes less dependent on the angular redistribution function, in agreement with Di Bartolomeo
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et al. (1995). The dierences between the attenuation curves corresponding to dierent star-dust
geometries grows signicantly. For example, for a galaxy with an inclination of 75
Æ
( = 0:25),
the dierences between the true, isotropic, forward and two-stream attenuation curves become about
0.1 mag at optical wavelengths, and only a few hundredth of a magnitude in the UV. However, assuming
a homogeneous slab model instead of our template model, the induced error on the attenuation curve
is about 0.3 magnitudes at optical and more than half a magnitude at UV wavelengths. For face-on
galaxies it is thus important to include scattering in a proper way in the modeling, for inclined galaxies
it is important to have a fairly good idea of the star-dust geometry of the galaxy.
In the light of the adopted models, two remarks are appropriate. (1) By working in plane-parallel
geometry we have the advantage that we could use four independent methods to solve the RTE, such
that the accuracy of the obtained results can be checked carefully. We are well aware of the fact
that plane-parallel galaxy models do not represent very realistic galactic discs. More detailed modeling
requires an exponential fall-o in the radial direction (Freeman 1970), a distinction in attenuation
between arm and interarm regions (e.g. White et al. 2000), and an inclusion of the eects of clumping
of both stars and dust (Witt & Gordon 1996, 2000; Bianchi et al. 2000). Nevertheless we are convinced
that our modeling can contribute to the understanding of the mechanism of radiative transfer, and we
have all reasons to believe that our results would hold qualitatively in more complex models. (2) We
know that scattering and geometry are not the only two elements that introduce uncertainties to the
attenuation of disc galaxies. In section 4.3.3 we solved the RTE for identical galaxy models, but with
two dierent sets of optical dust parameters adopted from the literature. We obtained dierences
between the attenuation curves of the order of a few tenths of a magnitude. Uncertainty about the
optical properties of the dust hence also introduces errors to the attenuation curve. However, these
errors are independent of those introduced by an inaccurate treatment of scattering or geometry, and
they hence do not aect the conclusion of this work.
As a nal remark, we re-iterate a warning that has also been issued by others: do not use too simplistic
models to determine the opacity in disc galaxies. There are many ways to investigate the amount of
attenuation or the optical thickness of disc galaxies. Following Xilouris et al. (1997), we can divide
them into two categories, the small N approach and the large N approach. The small N approach tries
to determine the opacity of individual nearby disc galaxies by constructing detailed radiative transfer
models. Obviously, these methods would reveal wrong results if scattering is neglected. The large N
approach aims at determining a mean value for the optical depth in disc galaxies, by statistically studying
a large sample of galaxies. Of such a sample of galaxies a certain observable is then compared to a galaxy
model, in order to derive the optical depth. However, these methods are diÆcult to interpret because
of selection eects (Davies et al. 1993), and they are often model-dependent. For example, Saunders
et al. (1990) estimate an average eective optical depth of disc galaxies by tting a screen model to
the optical and far-infrared luminosity functions. Trewhella et al. (1997) redid these calculations with
a sandwich model, and found a very dierent conclusion. We want to stress that also in such studies
the eects of scattering need to be taken into account, because they are, except for very inclined
galaxies, at least as important as the eects of geometry. An often used prescript to take scattering
into account, is to determine an eective optical depth 
e
for a galaxy model without scattering and
compensate the obtained value for scattering. These compensations are simply multiplications, such
as 
0
= 
e
=(1   !) or 
0
= 
e
=
p
1  !, which can but not necessarily need to have a physical
justication. With our paper we hope to have clearly showed that such approximations are not able to
accurately reproduce the eects of scattering. We therefore argue that scattering needs to be properly
accounted for in studies concerning the opacity of disc galaxies.
Part II
Radiative transfer and galaxy
kinematics
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Chapter 6
Dynamical models for ellipticals
6.1 Introduction
The aim of stellar dynamics is to provide a description of the structure and internal dynamics of
gravitating systems, such as galaxies. A complete description would require the solution of the equations
of motion for each star, which are determined by the gravitational pull of all other stars, plus the possible
gravitational pull of any dark matter. Because the number of stars in a galaxy is typically of the order
10
11
, it might be clear that this is practically impossible.
Instead of trying to solve the equation of motion for each star individually, we will aim at a statistical
description of the galaxy. This means that we will assume that the trajectory of each star will be
determined by a global smooth potential, which is the sum of the gravitational potential of all the stars
and of the dark matter. In order to be able to consider stars as test particles in this potential, the
systems needs to be collisionless, which means that gravitational perturbations of a star's trajectory by
individual interactions with other stars are negligible. For galaxies this assumption is justied, because
the relaxation time, a typical time scale on which the motion of stars is aected by individual encounters,
is a number of magnitude larger that the age of the Universe (Binney & Tremaine 1987). Moreover, we
can restrict ourselves to equilibrium models, i.e. time-independent potentials. Indeed, there are billions
of galaxies in the universe, and because they only come in a few avors, they need to be long-lived
systems, i.e. they have to be in a dynamical state that is near to equilibrium.
The ultimate goal of a dynamical modeler is to determine for each stellar population S the phase space
distribution function F
S
(r;v). It is dened such that F
S
(r;v) dr dv gives the probability to nd a
star of type S in an innitesimal volume dr around r and with a velocity in the innitesimal velocity
volume dv around v. It is a function of six independent variables and its determination might still
seem a very daunting task. This task however is largely helped by the Jeans theorem. From theoretical
mechanics we know that a given potential only allows a certain number of bound orbits, which can
be characterized by the integrals of motion. The strong Jeans theorem states that the distribution
function of a steady-state galaxy can be assumed to be function only of three isolating integrals of
motion. A dynamical model for a stars of type S is hence determined by the couple ( ; F
S
), where
 (r) is the potential of the galaxy, and F
S
(I) is the distribution function written as a function of three
isolating integrals. The potential determines which orbits are possible in the galaxy, and the distribution
function determines the relative number of stars on each orbit. Not individual stars but stellar orbits
should hence be regarded as the basic building blocks of a galaxy.
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6.2 Dynamical models for elliptical galaxies
In the remainder of this thesis we will concentrate on elliptical galaxies, and we will assume a spherical
symmetry for our modeling. Although this cannot be assumed for elliptical galaxies in general, the
assumption of spherical symmetry makes simplies the analysis considerably more simple, and it does
not restrict the generality of our results. In a spherical potential  (r), the energy and the angular
momentum vector are constants of motion,
E =  (r)  
1
2
v
2
(6.1)
L = r  v: (6.2)
Strictly spoken, the strong Jeans theorem as described in the previous cannot be applied to spherical
systems, because the frequencies of the orbits in a spherical potential are not incommensurable (Binney
& Tremaine 1987). But an extension to the Jeans theorem permits to write the distribution function in
a steady-state spherical galaxy as F
S
(E;L). Moreover, if the galaxy is symmetric in all its properties,
the distribution function cannot depend on the direction of the angular momentum vector, but only
on its magnitude. We will therefore consider two-integral distribution functions of the form F
S
(E;L),
where
L = jLj = r
q
v
2

+ v
2

= rv
T
: (6.3)
Moreover, we will assume that the dynamical state of the stars in the galaxy is not dependent on its
type, i.e. we will describe the galaxy with a single distribution function F (E;L).
6.2.1 The gravitational potential
The rst ingredient for a dynamical model is the gravitational potential. For a galaxy where the mass-to-
light ratio  is constant, the potential can be determined from the photometry. Indeed, by deprojection
of the photometry we can recover the stellar emissivity `(r), consequently we nd the total mass density
through (r) =  `(r), and the potential is nally found by adopting Poisson's equation
1
r
2
d
dr

r
2
d 
dr
(r)

=  4G(r) (6.4)
 (r) =
4G
r
Z
r
0
(r
0
) r
0
2
dr
0
+ 4G
Z
1
r
(r
0
) r
0
dr
0
: (6.5)
Usually the mass-to-light ratio is not known on beforehand, such that it is a free parameter which has
to be constrained later on in the modeling procedure. Moreover, sometimes the available data do not
allow models with a constant mass-to-light ratio, and additional dark matter has to be added to obtain
a potential that can produce an acceptable model. Because the distribution of dark matter in ellipticals
is largely unknown, the potential is then usually given by a simple analytical law (Burkert 1995, Navarro
et al. 1997).
6.2.2 The distribution function
Given the potential and the stellar emissivity of the galaxy, we need to construct a distribution function
such that
`(r) = L
ZZZ
F (E;L) dv (6.6)
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where L is the total luminosity of the galaxy. Dejonghe (1986) describes a procedure to construct
two-integral distribution functions that match a given potential and a given stellar emissivity. The key
to this procedure is to write the emissivity as a function of both the radius and the potential, `( ; r),
such that the condition
`( (r); r) = `(r) (6.7)
is satised. Then rewrite the equation (6.6) as
`( ; r) = 2L
ZZ
F
 
  
1
2
v
2
r
 
1
2
v
2
T
; rv
T

v
T
dv
T
dv
r
; (6.8)
or equivalently as
`( ; r) = 4L
Z
 
0
dE
Z
r
p
2(  E)
0
F (E;L)L dL
r
p
2r
2
(  E)  L
2
: (6.9)
If we regard this as a integral transform, we see that the distribution function is in fact equivalent to
the emissivity `( ; r). Various methods exist to invert this integral transform, one of them being a
rather remarkable formula that needs the emissivity in a purely imaginary argument,
F (E;L) =  
1
2
3=2

5=2
L
ImF
0
(E; iL); (6.10)
where
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1
0
du
p
1  u
Z
1 u
0
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v
p
1  v   u
`

Eu;
L
p
2Ev

: (6.11)
It is clear that we have a large freedom in constructing functions of the form `( ; r). There are
innitely many functions of the form `( ; r) that satisfy the equation (6.7), and hence innitely many
distribution functions that, for a given potential, match an emissivity prole. A constraint on the set of
functions `( ; r) however is that the corresponding distribution function has to represent a physically
acceptable distribution function, which means that it has to be positive at each point in phase space.
Hence, not every function `( ; r) will correspond to a physical distribution function.
A particular kind of functions `( ; r) that satisfy the condition (6.7) are those which depend on the
potential only. If we calculate r( ) by inverting the potential |which is possible because the potential
is a monotonically decreasing function of r|, we can write the emissivity only as a function of  
by setting `( ) = `(r( )). From (6.10) and (6.11) one can see that this model corresponds to an
isotropic distribution function, i.e. a distribution function that depends only on the binding energy. The
relation (6.9) between emissivity and distribution function then simplies to
`( ) = 4L
Z
 
0
F (E)
p
2(  E) dE: (6.12)
The solution can be written as
F (E) =
1
2
2
L
d
2
dE
2
Z
E
0
`( ) d 
p
2(E    )
: (6.13)
With each potential, we can hence associate a unique isotropic (but not necessarily positive) distribution
function F (E) that leads to a given stellar emissivity.
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6.2.3 The moments of the distribution function
Instead of looking at the distribution function, we can also consider the moments of it with respect to
the velocity components to gain insight in the internal kinematics of the galaxy models. The general
moments are dened as

lmn
( ; r) = L
ZZZ
F (E;L) v
l
r
v
m

v
n

dv (6.14)
Trivially, the zeroth order moment equals the stellar emissivity of the galaxy,

000
( ; r) = `( ; r); (6.15)
the moments will vanish if one of the indices is odd, and due to the symmetry in v

and v

we have
~
lmn
= ~
lnm
. By inserting the expression for the distribution into the denition (6.14) we can calculate
all higher order moments, but a more elegant way is to use a relation that gives the even higher order
moments in terms of the zeroth order moment (Dejonghe 1986),
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The rst non-trivial moments are the second-order moments. It is more convenient to work with
the velocity dispersions, which are related to the second-order moments through ` 
2
r
= 
200
and
` 
2

= ` 
2

= 
020
= 
002
. They can be written in terms of the emissivity as
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(6.17)
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For a given potential  (r), the actual moments 
lmn
(r) can be calculated by setting 
lmn
(r) =

lmn
( (r); r).
6.2.4 The spatial LOSVD
As demonstrated above, for a given potential, innitely many two-integral distribution functions, or
equivalently emissivities `( ; r), can be constructed that generate a given emissivity. If one wants to
construct a dynamical model for a galaxy, the innite collection of model candidates can be constrained
by kinematic data. Information about the internal kinematics can be extracted from galaxy spectra,
where the broadening of stellar absorption lines can tell us something about the distribution of motions
along the line-of-sight. Whereas the distribution function gives us, at a certain distance from the center,
the three-dimensional distribution of velocities, it is interesting to also know the (marginal) distribution
of velocities into an arbitrary direction n, for example the direction towards the observer.
We construct a new cartesian reference system (e
?
1
; e
?
2
; e
k
), such that n = e
k
. We dene the spatial
line-of-sight velocity distribution (spatial LOSVD) (r;n; v
k
) through the relation
`(r)(r;n; v
k
) = L
ZZ
F (r;v) dv
?
1
dv
?
2
: (6.19)
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R
z = 0
z = +∞ observer
(b)
R
γ
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D
(a)
Figure 6.1: The two coordinate systems used to dene projections in a spherical geometry. When the distance
D between the observer and the galaxy's center goes to innity, gure (a) transforms into gure (b).
The emissivity is taken into the denition (6.19) in order to have the normalization
Z
(r;n; v
k
) dv
k
=
L
`(r)
ZZZ
F (r;v) dv = 1: (6.20)
The spatial LOSVD hence represents the probability, for a star at a position r, to have a velocity
component v
k
in the direction n. The quantity `(r)(r;n; v
k
) then represents the stellar emissivity at
r of stars which have a velocity v
k
in the direction n.
Because the distribution function only depends on v

and v

through v
T
we can choose our reference
systems such that e
?
2
= e

. If we denote the angle between the n and e
r
as , the connection between
the spherical and cartesian components of the velocity vector are
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(6.21)
such that
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   v
?
1
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k
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Substitution of these expressions into the distribution function allows in principle to calculate the spatial
LOSVD.
6.2.5 The LOSVD and the projected moments
One of the fundamental diÆculties in dynamical modeling is that we only have two-dimensional in-
formation, i.e. we cannot measure intrinsic three-dimensional quantities such as the mass density or
the velocity dispersions, but only their projected analogues on the plane of the sky. In this section we
describe the relation between the moments of the distribution function and their projected analogues.
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Given the spatial density of the stars we can calculate the light prole by solving the RTE, given in its
general form in equation (2.74). Assuming that there is no extinction from dust, this equation simplies
to
dI
ds
(r;n) = `(r); (6.24)
such that the light prole at the observer's position r
obs
is
I(r
obs
;n) =
Z
1
0
`(r) ds; (6.25)
i.e. the surface brightness is simply the integral of the stellar emissivity along the line-of-sight. If we use
the spherical symmetry of our galaxy, a line-of-sight is characterized by the angle  it makes with the
line-of-sight through the center of the galaxy, or equivalently, by the impact parameter R = D sin ,
which is the perpendicular distance from the line-of-sight to the center of the galaxy (gure 6.1).
Equation (6.25) can then be written as
`
p
(R) =
Z
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R
`(r) r dr
p
r
2
 R
2
+
Z
1
R
`(r) r dr
p
r
2
 R
2
; (6.26)
where we introduced the notation `
p
(R) for the radiation eld at the observer's place in the direction
of the line-of-sight R, in order to accentuate its meaning as the emissivity, projected on the plane of
the sky. Since the scalelengths of galaxies is several orders of magnitude smaller than their distance,
the errors made by taking the limit D ! 1 are usually negligible. This is equivalent to assuming a
parallel projection, as shown in gure 6.1b. Equation (6.26) becomes
`
p
(R) = 2
Z
1
R
`(r) r dr
p
r
2
 R
2
: (6.27)
This equation can easily be generalized to include kinematic information. Indeed, instead of taking into
account the entire stellar emissivity, we can just consider the light from those stars whose velocity into
the direction of the observer equals v
k
. The emissivity of these stars is given by `(r)(r; R; v
k
), where
we wrote R instead of n to characterize a line-of-sight. Solving the RTE with this emissivity we obtain
the line-of-sight velocity distribution (LOSVD) observed at the plane of the sky, which we denote by

p
(R; v
k
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(R; v
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) =
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2
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2
: (6.28)
A complete set of LOSVDs is the maximal kinematic information one can retrieve from spectroscopic
observations. The LOSVDs can also be represented by their moments with respect to the line-of-sight
velocity v
k
,

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p
(R; v
k
) v
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k
: (6.29)
For spherical two-integral models the spatial LOSVD is an even function of v
k
, such that the odd
moments vanish. For the even moments we nd
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where we dene 
2n
(r; R) as the 2nth moment of the distribution function with respect to v
k
, along a
path with impact parameter R. Using the transition formulae (6.21) we nd
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where we used the relation sin  = R=r. The equations (6.30) and (6.31) provide the recipe to calculate
the projected kinematic moments from the intrinsic moments. If we set n = 0 we nd that the LOSVD
is normalized to one

0
p
(R) =
Z

p
(R; v
k
) dv
k
= 1: (6.32)
This actually justies the term LOSVD for 
p
(R; v
k
) : it is really a probability function describing the
probability that a star which is observed at a projected radius R has a line-of-sight velocity v
k
. For the
projected dispersion 
p
(R), which is the second-order moments of the LOSVDs, we obtain
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6.3 The Plummer galaxy
In this section we describe a family of spherical dynamical models, the Plummer models (Plummer 1911,
Dejonghe 1987), which we will adopt in the remainder of this thesis to represent elliptical galaxies.
Although the light prole of a Plummer model does not t real elliptical galaxies, the Plummer model
has the huge advantage that the entire kinematic structure is suÆciently rich to include radial and
tangential models, and that it can be described analytically. We can safely assume that this model will
be generic for the class of elliptical galaxies.
6.3.1 The potential-density pair
The Plummer (1911) potential and associated density are
 (r) =
GM
c

1 +
r
2
c
2

 1=2
(6.35)
(r) =
3M
4c
3

1 +
r
2
c
2

 5=2
; (6.36)
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where M is the total mass of the galaxy and c is a core radius. Assuming a constant mass-to-light
ratio, the stellar emissivity can be written as
`(r) =
3L
4c
3

1 +
r
2
c
2

 5=2
: (6.37)
In the remainder of the calculations we dene a characteristic velocity u as
u =
r
GM
c
: (6.38)
6.3.2 The distribution function
For the Plummer galaxy the isotropic model is very simple to construct. Indeed, it is straightforward
to write the stellar emissivity as a function of the potential
`( ) =
3L
4c
3

 
u
2

5
: (6.39)
The isotropic distribution function follows from substitution in (6.13),
F (E) =
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: (6.40)
A one-parameter family of anisotropic distribution functions can be constructed by writing the Plummer
emissivity (6.37) as
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; (6.41)
where q is a continuous parameter. This family of anisotropic models is described by Dejonghe (1987).
By means of Laplace-Mellin transforms the distribution function can be calculated, resulting in
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where the function H (a; b; c; d;x) is dened by
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(6.43)
Because the distribution function has to be positive everywhere, the range of possible values of q is
restricted to q 6 2.
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6.3.3 The moments of the distribution function
Substitution of the Plummer density (6.41) into the general expression (6.16) yields
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In particular we obtain for the velocity dispersions

2
r
(r) =
GM
6  q
1
p
r
2
+ c
2
(6.45)

2

(r) = 
2

(r) =
GM
6  q
1
p
r
2
+ c
2

1 
q
2
r
2
r
2
+ c
2

: (6.46)
As a measure for the anisotropy of the galaxy, we use Binney's anisotropy parameter ,
1
which is dened
as
(r) = 1 
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and for the Plummer models we obtain
(r) =
q
2
r
2
r
2
+ c
2
: (6.48)
This expression provides a better insight in the physical meaning of the parameter q, which determines
the sign for (r). At the center of the galaxy the anisotropy parameter equals zero, which means that
the central regions are fairly isotropic. At larger radii however, the orbital structure becomes anisotropic,
depending on the value of q. For positive q the galaxy is radially anisotropic, and in the extreme case
q = 2 only radial orbits are present in the outer parts. For q = 0 the galaxy is isotropic, and models
with negative q are tangentially anisotropic. In the limit q !  1 the galaxy only contains circular
orbits.
6.3.4 The spatial LOSVD
The spatial LOSVD can be calculated by substitution of the expressions (6.22) and (6.23) into the
distribution function (6.42) and integrating over v
?
1
and v
?
2
. For the general Plummer models, the
distribution function is a complicated function, and the spatial LOSVDs cannot be calculated analyti-
cally. For a number of special values of q however, the distribution function simplies substantially.
The isotropic model q = 0
The most simple Plummer model is the isotropic model, whose distribution function is given by (6.40).
Combining this expression with the equations (6.19) and (6.22) we nd after transition to polar coor-
1
The name anisotropy parameter is a rather confusing term, because (r) is a function of position. In the
remainder of this thesis we will therefore refer to (r) as the anisotropy.
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Because for isotropic galaxies the distribution function is completely symmetric in the three velocity
components, the spatial LOSVD is independent of the direction n. It is easily checked that the
normalization condition (6.20) is satised.
The radial model q = 2
For q = 2, the most radial model in the Plummer family, the distribution function (6.42) reduces to
the following simple form,
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We substitute the formulae (6.22) and (6.23) into this distribution function, and integrate this function
with respect to v
?
1
and v
?
2
, where the integration surface is determined by the condition 2E > L
2
.
After some algebra we obtain
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with
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6 1: (6.52)
Again, the normalization condition (6.20) is satised.
Tangential models with q =  2n
For tangential models with q integer and even, the hypergeometric series in (6.42) will break down after
a nite number of terms, and the distribution function becomes a nite series of terms, each of them
power laws of E and L. In principle, the spatial LOSVD can be calculated for each of these distribution
function following the same recipe as for the radial q = 2 model. However, De Rijcke (2000) presents
an elegant way to calculate the spatial LOSVD for these components using Laplace transforms. After
lengthy calculations one nds the expression
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Setting q = 0, this expression reduces to the expression (6.49) we found for the isotropic Plummer
galaxy.
6.3.5 The LOSVDs and the projected moments
Substituting the Plummer emissivity (6.37) into the projected formula (6.27), we nd the Plummer
light prole
`
p
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2
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2

 2
: (6.54)
Also the projected kinematics, i.e. the moments of the LOSVDs, can be calculated analytically for the
Plummer model. After some algebra one nds the general expression (Dejonghe 1987)
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It is readily checked that the zeroth order moment equals one, as desired. The projected dispersion is
obtained by setting n = 1
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The LOSVDs cannot be calculated analytically.
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Chapter 7
The eects of dust absorption on the
observed kinematics of ellipticals
7.1 Introduction
As we already stated in section 6.2.5, one of the fundamental diÆculties in dynamical modeling is the
deprojection problem: we cannot directly observe the three-dimensional position of the stars, only their
projection on the plane of the sky. Similarly, we cannot measure their spatial velocity distribution, but
only the LOSVDs. In section 6.2.5 we described the connection between the intrinsic stellar emissivity
and the observed light prole, which is an integration along the line-of-sight. Similarly, the LOSVDs
can be derived from the spatial LOSVDs by an integration along the line-of-sight. As a consequence,
the moments of the LOSVDs are connected to the intrinsic moments of the DF by a similar integration
along the line-of-sight, through the equations (6.30) and (6.31). This integration is in fact the solution
of a radiative transfer problem, where only emission is taken into account. However, elliptical galaxies
also contain interstellar dust (see section 1.1.2), that may interfere with the radiation and hence disturb
the projection recipes of section 6.2.5. In this chapter we demonstrate how this dust can be taken into
account in the projection recipes, and we investigate its eects on the light prole and the projected
kinematics. In this rst approach we restrict ourselves to dust absorption; the eects of scattering will
be treated in chapter 9.
7.2 Projections in dusty galaxies
In section 6.2.5 we described the connection between the stellar emissivity and the light prole,
`
p
(R) = 2
Z
1
R
`(r) r dr
p
r
2
 R
2
; (7.1)
which is just the simple result of solving the RTE
dI
ds
(r;n) = `(r); (7.2)
where the eects of dust extinction are not taken into account. If we do take dust absorption into
account, the RTE becomes
dI
ds
(r;n) = `(r)  (r) I(r;n); (7.3)
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Also this equation can be solved analytically, yielding
I(r
obs
;n) =
Z
1
0
`(r) exp

 
Z
s
0
(r
0
) ds
0

ds: (7.4)
If we transform these integrals to integrations with respect to r, we obtain after some algebra,
`
p
(R) = 2
Z
1
R
K(r; R) `(r) r dr
p
r
2
 R
2
; (7.5)
where we used the conventions from section 6.2.5, and where we introduced the weight function K(r; R)
as
K(r; R) = exp
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(r) r dr
p
r
2
 R
2

cosh
"
Z
r
R
(r
0
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0
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#
: (7.6)
This weight function represents the fraction of the radiation eld traveling (in both directions) on a
line-of-sight R at a distance r from the center of the galaxy that will succeed in leaving the galaxy. It
assumes values between 0 and 1, and reduces to unity if the opacity vanishes, in correspondence with
the normal, dust-free projections.
As argued in section 6.2.5, the transfer equation can not only be solved with the entire stellar emissivity
`(r) as input, but the also with the emissivity corresponding to those stars whose velocity into the
direction of the observer equals v
k
, i.e. with the emissivity `(r)(r; R; v
k
). We then nd for the
LOSVDs

p
(R; v
k
) =
2
`
p
(R)
Z
1
R
K(r; R) `(r)(r; R; v
k
) r dr
p
r
2
 R
2
: (7.7)
Similarly as in the dust-free case, we can derive a relation between the projected moments (the moments
of the LOSVDs), and the moments of the distribution function
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; (7.8)
where 
2n
(r; R) is the 2nth moments of the distribution function with respect to v
k
along a path with
impact parameter R, given by (6.31). In particular for the projected velocity dispersion we nd

2
p
(R) =
2
`
p
(R)
Z
1
R
K(r; R) `(r) 
2
(r; R) r dr
p
r
2
 R
2
; (7.9)
with 
2
(r; R) given by equation (6.34).
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Figure 7.1: The opacity function (r), corresponding to equation (7.10) for dierent dust exponents , and
for c
d
= c = 5 kpc. It is shown for  = 1, for other values of  it scales linearly. For large values of , the dust
is concentrated in the central regions, for large values the distribution is extended.
7.3 The model
7.3.1 The stellar component
For the stellar component we adopt the Plummer galaxy model described in detail in section 6.3. We
choose a core radius of c = 5 kpc, a total mass M = 2 10
11
M

and a (constant) mass-to-light ratio
 = 4

. We consider models with various orbital structures, and we concentrate on a radial one
(q = 1), the isotropic one (q = 0), a tangential one (q =  2) and a very tangential one (q =  6).
7.3.2 The dust component
A dust model is completely determined by its opacity function (r). Besides the geometrical dependency,
this function is also dependent upon the wavelength, which we do not mention explicitly. Witt et
al. (1992) considered an elliptical galaxy model with a diusely distributed dust component. They
used a King prole for both the stellar and the dust component. Analogous models were considered by
Goudfrooij & de Jong (1995) and Wise & Silva (1996). In the assumption that dust is only present in
the inner part of ellipticals, Witt et al. (1992) cut o the dust distribution at two thirds of the galaxy
radius. Nevertheless dust may also be present in the outer regions (Tsai & Mathews 1996, Wise &
Silva 1997). Our dust model is dened by the opacity function
(r) =
1
p


 
 

2

 
 
 1
2

1
c
d

1 +
r
2
c
2
d

 

2
; (7.10)
with c
d
the dust core radius, and  the so-called dust exponent. The normalization is such that 
equals the total optical depth (in the V -band), dened as
 = 2
Z
1
0
(r) dr: (7.11)
The optical depth is an indicator of the amount of dust in the galaxy, and is therefore the primary
parameter in the models. Wise & Silva (1996) estimated the optical depths of a sample of ellipticals
by tting radial color gradients and found a representative value of  . 2. This value is scaled to
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the denition of  we adopt throughout this thesis, dened as the projection of the opacity along the
central line-of-sight through the entire galaxy. Wise & Silva (1996) dened  as the integral of the
opacity from the center of the galaxy to the edge, half our value. We explore optical depths between
 = 0:1 and  = 200. In gure 7.1 we plot the opacity function for a few values of .
The parameters c
d
and  determine the shape of the dust distribution. The exponent  is restricted
to  > 1, in order to have a nite optical depth. Smaller values of  or larger values of c
d
correspond
to extended distributions; for larger values of  or smaller values of c
d
the dust is more concentrated
in the central regions. Since the two geometry parameters c
d
and  have roughly the same eect, we
concentrate upon the case c
d
= c and we take  as the parameter determining the geometry. For high
values of  the distribution is very concentrated in the central regions of the galaxy. HST imaging has
revealed compact dust features in the majority of the nearby ellipticals (van Dokkum & Franx 1995),
and these could be an indication of an underlying concentrated diuse dust distribution. However,
Silva & Wise (1996) showed that such smooth dust concentrations should induce easily detectable
color gradients in the core, even for small optical depths. But high resolution HST imaging of two
samples of nearby ellipticals revealed that elliptical galaxy cores have usually small color gradients
(Crane et al. 1993, Carollo et al. 1997), and thus no direct indication of concentrated diuse dust is
found. Therefore high values of  seem to be less probable and we will only treat them for the sake
of completeness. On the other hand, for small values of the dust component the distribution will be
extended. If  approaches 1 the distribution is very extended, and relatively little dust is located in
the central regions of the galaxy. In the limit the dust is innitely thin distributed over all space, the
contribution of the dust in the galaxy is zero and the dust eectively forms an obscuring layer between
the galaxy and the observer. This geometry is known as the overlying screen model (Holmberg 1975,
Disney et al. 1989) and is the analogue for extinction of galaxian stars.
Our choice of convenient values for the dust exponent will also be inuenced by computational consid-
erations. As demonstrated in section 7.2, the computational prize of including dust absorption in the
projection mechanism is a double integration along the line-of-sight instead of a single one. This can
be avoided if the weight function K(r; R) can be calculated analytically for all R and r. For our King
dust model we nd the weight function K(r; R) by substituting (7.10) in (7.6),
K(r; R) = exp ( 
p
) cosh
"

p
U
 3
 
r
r
2
 R
2
r
2
+ c
2
!#
; (7.12)
where 
p
is a shorthand notation for

p
=

2

1 +
R
2
c
2

 
 1
2
; (7.13)
and the functionU

(z) is dened and discussed in appendix A.2. From the discussion there it is obvious
that we will concentrate on the cases where  is an integer number, including the screen model  = 1,
for which the weight function (7.12) reduces to
K(r; R) = exp

 

2

: (7.14)
In order to study the eects in the neighborhood of the singular value  = 1, we also consider a range
of non-integer values for  between 1 and 2.
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Figure 7.2: The dependence of the light prole `
p
(R) upon the optical depth  , for the  = 3 model. The
left panels show the light prole and the attenuation for various values of the optical depth, whereas the top
right panel shows `
p
(R) explicitly as a function of  for dierent lines-of-sight. The remaining panels show the
apparent luminosity
~
L, the core radius R
c
and the eective radius R
e
as a function of  .
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7.4 The light prole
7.4.1 Dependence on the optical depth
In order to study the eect of the optical depth on the light prole, we keep the dust geometry xed and
vary the optical depth  . We adopt a modied Hubble prole ( = 3), which is slightly more extended
than the stellar light. The light prole is calculated by introducing the Plummer emissivity (6.37) and
the King weight function (7.12) with  = 3 into the formula (7.5). The resulting integration has to be
performed numerically, except for the central line-of-sight, where we obtain
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: (7.15)
In the optically thin limit the central surface brightness becomes
lim
!0
`
p
(0) =
L
c
2
; (7.16)
in agreement with (6.54). The eect of dust absorption on the light prole is shown in gure 7.2.
From the two upper panels, the primary eect of dust absorption on the light prole is obvious : an
overall reduction. Even for modest amounts of dust this eect is clearly observable, in particular for the
lines-of-sight near the center of the galaxy: the light prole in the central regions is already reduced
to half of its original value for an optical depth  = 1:5. The global eect of the extinction is shown
in the bottom left panel, which displays the apparent luminosity
~
L, i.e. the fraction of the total light
output that can be detected by the observer. It is obtained by integrating the light prole `
p
(R) over
the entire plane of the sky,
~
L = 2
Z
1
0
`
p
(R)R dR; (7.17)
where of course we have
~
L = L for the dust-free model. The global extinction eect is strong : for an
optical depth  = 1 already 20 per cent of the luminosity is hidden for the observer, and for  = 3:4
this becomes 50 per cent.
Besides reducing the amount of starlight, the dust has also a qualitative eect on the light prole. Since
the dust is primarily located in the central portions of the galaxy, the light prole will be attened towards
the center. As shown by Witt et al. (1992) and Wise & Silva (1996), this causes the production of color
gradients. But it has also a non-negligible eect on all global photometric quantities, e.g. luminosities
and core and global diameters. For example, the apparent core of the galaxy will be larger due to the
central attening. This is shown in the bottom right panel of gure 7.2, where we plot the core radius
R
c
and the eective radius R
e
, dened as the line-of-sight where the surface brightness drops to half
the central value, and the isophote that encloses half of the total (observed) luminosity respectively,
i.e.
`
p
(R
c
) =
`
p
(0)
2
(7.18)
2
Z
R
e
0
`
p
(R)R dR =
~
L
2
(7.19)
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For the dust-free Plummer galaxy we nd R
c
= c
p
p
2  1 = 3:22 kpc and R
e
= c = 5 kpc. As the
optical depth of the galaxy increases, both R
c
and R
e
increase. This eect can be up to 25 per cent
or more with moderate optical depths   2. On the other hand, the total diameter of the galaxy
(usually expressed as the diameter of the 25mag arcsec
 2
isophote) will appear smaller due to the global
attenuation.
7.4.2 Dependence on the dust geometry
In this section we investigate how the eects of dust absorption on the light prole depend on the
relative geometry of stars and dust. Therefore we vary the dust exponent between  = 1 and  = 10,
while the optical depth is held xed at the modest value  = 2.
The dependence of `
p
(R) on  is shown in gure 7.3. As is to be expected, the projected density `
p
(R)
is sensitive to variations of the dust geometry parameters. In the outer regions this is primarily due
to the amount of dust in the outer regions, which depends critically on . Smaller values of  mean
more dust and therefore more extinction. But also in the inner regions the extinction eect is larger for
extended than for concentrated distributions, even though equal amounts of dust are present. At each
projected radius R and for each optical depth  , the projected density `
p
(R) is a rising function of ,
with lowermost value
lim
!1
`
p
(R) =
L
c
2
e
 

2

1 +
R
2
c
2

 2
: (7.20)
As a consequence, the apparent luminosity
~
L increases with  too, with L exp
 
 

2

for the overlying
screen model being the minimum value. The more extended the dust distribution, the more eÆcient
the extinction process.
Also the morphology of the `
p
(R) prole is sensitive for variations of the dust geometry. For small
values of  the eect is small, and in the limit of the screen geometry the eect is nil : the projected
density decreases with the same factor for all lines-of-sight. For larger values of , the prole becomes
atter in the center. For very condensed dust distributions the extinction is conned to the central
parts of the galaxy. The dependence of the core radius R
c
and the eective radius R
e
on  is illustrated
in the bottom right panel of gure 7.3. The maximum eect on these core size parameters is found
at intermediate values of . For very extended distributions on the one hand, the entire `
p
(R) prole
is aected with the same factor, and as a consequence the core size parameters are not aected. For
very concentrated distributions on the other hand only the inner part of the core is aected, so that
the total light output of the core remains nearly the same.
7.5 The projected kinematics
In this section we investigate the eects of dust absorption on the projected kinematics. As in the
previous section, we rst adopt a xed dust geometry  = 3, whereas in the second part we vary the
dust exponent.
7.5.1 Dependence on the optical depth
The eect of dust on the LOSVDs has a totally dierent nature than the eect on the light prole. To
understand this, remember that the 
p
(R; v
k
) represents a probability function that gives the probability
that a star observed at projected radius R has a line-of-sight velocity v
k
. In an optically thin galaxy,
all stars that belong to a line-of-sight contribute in the same proportion to this distribution. When
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Figure 7.3: Similar as gure 7.2, but now as a function of the dust exponent  for a xed optical depth  = 2.
dust absorption is taken into account however, the contribution of each star to the LOSVD has to
be weighted by the amount of surviving starlight. This is translated in the weight function K(r; R).
From equation (7.12) we can see that the weight function is a monotonically rising function of r for
all lines-of-sight R, essentially because along a line-of-sight the near side dominates the light. Dust
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Figure 7.4: A set of LOSVDs 
p
(R; v
k
) at R = 0 kpc, R = 5 kpc and R = 10 kpc. The left column is the
radial model q = 2, the right column is the isotropic model q = 0. LOSVDs are shown for  = 0 (black),
 = 4 (green),  = 10 (magenta) and  = 20 (yellow).
makes the contribution stars in the outer parts (in particular the near side) of the line-of-sight thus
more important, relative to those in the inner parts.
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Figure 7.5: Same as gure 7.4, but for the tangential model q =  2 and the very tangential model q =  6.
In the gures 7.4 and 7.5 we demonstrate the eect of dust absorption on a number of LOSVDs, for
various orbital models and at dierent projected radii. It is obvious that the eect of dust absorption on
the LOSVDs is very weak, i.e. it is almost negligible for realistic optical depths. Only for higher optical
depths the eects become important. Nevertheless it is interesting to understand the qualitative eects
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of dust on the LOSVDs. In general, dust absorption turns the LOSVDs more peaked than in the optically
thin case. This is due to the fact that, at a given line-of-sight, the stars with the largest line-of-sight
velocities are usually in the central part of the line-of-sight. This behavior is very strongly visible in the
outer lines-of-sight of very tangential models, where the bimodal structure of the LOSVD can disappear
(see bottom right panel of gure 7.5). In a tangentially anisotropic galaxy, most of the stars move on
rather circular orbits, particularly in the outer parts. Since the density of the Plummer model follows
a strong r
 5
at large radii, the LOSVDs are primarily governed by the stars which move at circular
orbits with radius r  R (in both senses). These stars dominate so strongly that the LOSVD gets a
bimodal structure. When the system is heavily obscured, stars in the outer parts of the line-of-sight
contribute relatively more than in the optically thin case. And these outer parts contain stars moving
on nearly circular orbits with larger radii, which have velocities that are gradually more perpendicular to
the line-of-sight. Moreover these stars have smaller velocities anyway, since the circular velocity declines
as r
 1=2
at large radii. Smaller line-of-sight velocities hence become predominant, which causes the
bimodal structure to disappear.
An exception to this general trend are the outer LOSVDs of very radial models. Looking at the bottom
left panel in gure 7.4, we see that the eects of dust absorption is to broaden the LOSVD. This is due
to the fact that in the outer regions of radial models, stars move on very eccentric orbits. Those stars
which move in the central part of the line-of-sight have a small line-of-sight velocity v
k
, because their
velocity vector is nearly perpendicular to the line-of-sight. The highest velocities seen in the LOSVD
originate from stars in the outer parts of the line-of-sight. In the dust-free case, all of these stars
have an equal contribution to the LOSVD. When dust absorption is taken into account however, stars
in the outer parts of the line-of-sight will contribute relatively more than in the optically thin limit.
Therefore stars with a larger line-of-sight velocity will have a greater contribution to the LOSVD, and
dust absorption will hence broaden the LOSVD.
An equivalent way to present the eects of dust absorption on the projected kinematics is to look at
the moments of the LOSVDs, in particular at the projected velocity dispersion. These moments can
be directly calculated from the moments of the distribution function, for which an analytical expression
exists for the Plummer galaxy. The resulting integration along the line-of-sight is rather complicated,
but it simplies substantially for the central line-of-sight R = 0, where the sum (6.31) reduces to a
single term 
2n
(r; 0) = 
2n;0;0
(r). Using the expression (6.44) for the general moments of the Plummer
model, we obtain
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where u is still dened in equation (6.38). Inserting this expression in (7.8) yields
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This integral can be performed analytically (Gradshteyn & Ryzhik 1965) and leads a modied Bessel
function of the rst kind,
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: (7.23)
Setting n = 0 we recover the expression (7.15), and we can write the projected moments of the LOSVD
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Figure 7.6: The dependence of the projected dispersion 
p
(R) upon the optical depth  . In the upper two
panels 
p
(R) for various values of  , for a tangential model with q =  6 and a radial model with q = 2. The
curves correspond to  = 0,  = 4,  = 10 and  = 20, only the extreme values are indicated. In the central
panels we show the projected dispersion explicitly as a function of the optical depth  . In the bottom panels
we plot 
p
=
p
and R
crit
as a function of q, for details see text.
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at R = 0 as
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Because the modied Bessel functions of the rst kind behave as
lim
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; (7.25)
we nd that in the optically thin limit the moments of the central LOSVD are
lim
!0

2n
p
(0) = 3  2
n 2
u
2n
 
 
n+
1
2

  (6  q)  
 
n+4
2

  (n+ 6  q)  
 
n+4
2

; (7.26)
in agreement with the expression we obtain when we set R = 0 in equation (6.55). Setting n = 1 in
equation (7.24) we nd how the central projected velocity dispersion depends on the optical depth
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In gure 7.6 the eect of dust absorption on the projected velocity dispersion is shown for general lines-
of-sight. We obviously nd the same result as for the LOSVDs: dust absorption makes the LOSVDs
more peaked, such that the projected dispersion decreases as a function of  . Only for the outer
lines-of-sight of very radially anisotropic models the eect has the opposite sign, i.e. the projected
dispersion is higher for the optically thick than for the optically thin case. In the bottom right panel of
gure 7.6 we plot the critical line-of-sight R
crit
, dened as that line-of-sight where dust absorption has
no eect on the projected velocity dispersion, as a function of q. For the region above this curve, i.e.
for lines-of-sight R > R
crit
, the projected dispersion increases when dust is taken into account.
Quantitatively, these plots conrm the result that the projected kinematics are hardly aected by dust
absorption for realistic optical depths. In the bottom left panel of gure 7.6 we plot the relative
dierence

p
(R)

p
(R)


p
(R)  
p0
(R)

p0
(R)
; (7.28)
where 
p0
stands for the projected dispersion in a dust-free galaxy. It is shown as a function of the
anisotropy parameter q for a number of lines-of-sight, and the moderate optical depth  = 2 is adopted.
The eect is less than one per cent for the central line-of-sight, independent of the anisotropy of the
model. At larger radii this anisotropy does play a role, tangentially anisotropic systems are more sensitive
to dust in their 
p
(R) prole than their radial counterparts. However, at larger radii, the eects are
denitely negligible.
7.5.2 Dependence on the dust geometry
In order to investigate the inuence of the dust geometry on the LOSVDs, we vary the dust exponent
between  = 1 and  = 10, while the optical depth is held xed. Because the eects of dust are hardly
visible for moderate optical depths, we choose  = 20.
The eect of dust absorption on the observed kinematics at a particular line-of-sight is to attach a
weight to every star along that line-of-sight. Since the parameter  controls the relative distribution
of the dust along the lines-of-sight, this parameter determines in the rst place the relative weights of
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Figure 7.7: A set of LOSVDs 
p
(R; v
k
) at R = 0 kpc, R = 5 kpc and R = 10 kpc. The left column is the
radial model q = 2, the right column is the isotropic model q = 0. The optical depth of the models is 20, and
LOSVDs are shown for  = 1 (black),  = 1:25 (green),  = 2 (magenta) and  = 5 (yellow).
stars at dierent parts of the line-of-sight. There are two extreme cases. For very concentrated models
on the one hand, the stars in the nearer half of the line-of-sight is not aected, whereas stars in the
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Figure 7.8: Same as gure 7.7, but for the tangential model q =  2 and the very tangential model q =  6.
other half are extinguished by the same factor. For very extended models on the other hand, the dust
is eectively located between the observer and the galaxy, and all stars along a line-of-sight experience
the same inuence, and thus have the same relative weight. Because both halves of a line-of-sight are
dynamically equivalent, we nd that for both very extended and very condensed dust geometries all
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stars have a similar contribution to the LOSVD as in the optically thin limit. In these two cases, there is
hence no eect of dust absorption on the projected kinematics, no matter how large the optical depth.
When  varies, starting at  = 1, the eect of dust absorption shall becomes larger and larger, until
it reaches a maximal impact. When we increase  further the eect of dust absorption will decrease
again, until it vanishes completely for very large . This behavior is illustrated in gure 7.7 and 7.8,
where we plot the LOSVDs at various projected radii and for various orbital models. The black curves
represent the LOSVDs in the optically thin case (or for  = 1 and  = 1), whereas the grey curves
represent intermediate values of .
The same behavior can be seen when we study the dependence of the projected velocity dispersion as a
function of the dust exponent, as shown in gure 7.9. Particularly the plots on the central row clearly
illustrate that for every line-of-sight there is a most eÆcient dust geometry, say 
e
, for which the eects
on the projected kinematics are maximal. Notice that this eect is usually a maximal decrease of the
velocity dispersion, whereas it is a maximal increase for the outer lines-of-sight for very radial models,
as we discussed in section 7.5.1. In the bottom plot we plot 
e
as a function of R, for various optical
depths. It appears that for a moderate optical depth  = 2, the eect on the observed kinematics is
maximal for   5, whereas in the outer regions, more extended geometries are more eÆcient.
7.6 Discussion
We found that the light prole is substantially aected, even for modest optical depths. Dust has
also a non-negligible eect on the morphology of the light prole, such that all global photometric
properties can be aected by dust. On the other hand, the eects of dust absorption on the projected
kinematics are small for realistic optical depths, of the one-percent order. This is important information
for the interpretation of elliptical galaxy distance estimation techniques, e.g. the L- relation (Faber &
Jackson 1976) or the relations of the fundamental plane (Dressler et al. 1987, Djorgovski & Davis 1987),
which use both projected photometric and kinematics quantities. An important article that tackles this
problem is the work of Wise & Silva (1996), where the eect of dust on the photometric properties of
ellipticals are investigated. They found that dust introduces a systematic uncertainty in these relations,
due to the errors on the photometric properties. Thanks to our modeling, we know that the additional
errors on the dispersion are at rst order negligible, and hence that they do not further complicate the
results of Wise & Silva (1996). Another important result of the insensitivity of the projected kinematics
for dust absorption is that dynamical mass estimates will hardly be aected by modest amounts of
dust, while the light prole is sensitive for absorption. This should be taken in consideration in the
interpretation of mass-to-light ratios in regions where no dark matter is expected : large mass-to-light
ratios can indicate dust absorption. We will investigate this eect in detail in the next chapter.
For large optical depths, the eects of dust absorption on the projected kinematics do become consid-
erable. For these large optical depths, the dust geometry is important : both centrally concentrated
and very extended dust distributions can remain invisible in the LOSVDs. While large optical depths
don't seem to be in accordance with global IRAS dust mass estimates, these models are nevertheless
important on a local scale. Compact regions with high optical depths can be an explanation for the
observed asymmetries and irregularities in kinematic data (Mollenho & Marenbach 1986, Prada et
al. 1994).
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Figure 7.9: The dependence of the projected dispersion upon the dust exponent , with a xed optical depth
 = 20. The left column corresponds to the radial q = 2 model, the right column to the very tangential q =  6
model. In the upper two panels 
p
(R) is plotted as a function of R, and in the middle row explicitly as a
function of . The bottom row gives the most eÆcient dust exponent 
e
for each line-of-sight, for a number
of optical depths.
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Chapter 8
The eects of dust absorption on the
apparent structure of ellipticals
8.1 Introduction
The aim of stellar dynamical modeling is to retrieve information about the intrinsic structure of the
galaxy. There are various ways in which dynamical models can be constructed (e.g. Schwarzschild 1979,
Dejonghe 1989, Emsellem et al. 1994, Rix et al. 1997). The basic idea all of these techniques is the
same: given is a set of photometric and spectroscopic data, and required is a dynamical model that
can reproduce the observational data and that can give some information about the intrinsic spatial
structure of the galaxy, such as the light distribution, the mass distribution, and the orbital structure.
Dynamical modeling is hence basically a complicated deprojection technique: from two-dimensional
observational data on the plane of the sky, a three-dimensional model has to be constructed. In the
previous chapter we have investigated the eect of dust absorption on the light prole and the observed
kinematics of ellipticals. The dynamical modeling procedures which model these data usually do not
take these eects into account. It is the aim of this chapter to investigate to which degree erroneous
conclusions on the intrinsic structure of elliptical galaxies will be made by neglect of dust absorption in
dynamical modeling procedure.
8.2 The modeling procedure
Our method to investigate the eects of neglecting dust absorption in the dynamical modeling of
elliptical galaxies is the following. The rst step is the construction of a set of input models, consisting
of a stellar and a dust component. As the second step we will simulate for each input model, a data
set consisting of photometric and kinematic data. For the calculation of these data, the eect of dust
absorption is taken into account, in the way explained in the previous chapter. The third step is the
construction of a dynamical model from each data set, which we refer to as the tted model. For this
modeling we will use a Quadratic Programming (QP) method, where dust absorption is not taken into
account.
To each input model corresponds one data set, and hence one tted model. We will call the combination
of input and tted models simply a model. Because the tted models are constructed such that
their photometry and projected kinematics match these of the input models, we can talk about the
photometry and projected kinematics of a model. If we look at it from another point of view, we can
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consider the photometry and kinematics as a starting point. To each data set correspond two dynamical
models, one where the eects of dust absorption are taken into account (the input model) and one
where these eects are neglected (the tted model). We will call the properties (luminosity, dynamical
mass, orbital structure, etc.) of the former model the intrinsic properties, whereas these of the latter
are apparent properties. Through the comparison of the intrinsic properties of the galaxy with the
apparent ones, we will study how dust absorption biases dynamical models for ellipticals.
8.2.1 A set of input models
For the stellar component of our input models we adopt the Plummer model, with parameters c = 5 kpc,
M = 2  10
11
M

and L = 5  10
10
L

, and hence  = 4

. We consider a set of four dierent
orbital structures, characterized by the parameters q =  6,  2, 0 and 1, which we will refer to as the
very tangential, tangential, isotropic and radial models respectively. For the dust component we adopt
a King prole with xed geometry  = 3 and c
d
= c, and we consider a set of dierent optical depths
 . In contrary to the previous chapter, we will concentrate on moderate optical depths, which seem
appropriate for ellipticals. We will consider the values  = 0; 0:5; : : : ; 3. We will hence totally construct
28 models, each of them characterized by a couple (q; ).
8.2.2 Creation of the data sets
For each couple (q; ) we create a set of photometric and projected kinematic data, taken between
R = 0 kpc and R = 10 kpc with a spatial resolution of 0:5 kpc. At each of these lines-of-sight we
calculate the surface brightness `
p
(R), the projected velocity dispersion and a number of LOSVD data
points 
p
(R; v
k
). For the calculation of these data points, the eect of dust absorption is taken into
account, in the way described in the previous chapter. We assume that these data are noiseless, such
that our data set is perfect, i.e. it contains all the kinematic information that could be available from
perfect observations. Altogether each data set consists of 252 data points.
8.2.3 Construction of the tted models
For each data set we will construct a dynamical model. In view of the general considerations of chapter 6,
this means that we will determine an apparent potential
~
 (r) and an apparent two-integral DF
~
F (E;L).
To do this we will use the Quadratic Programming modeling technique, described in Dejonghe (1989).
It is a technique developed at the institute, which relies on two facts. The rst is that the Poisson
equation is linear, and second is that all observable kinematics properties of a galaxy can be expressed
as linear functions of (mostly integrals of) the distribution function. Given the potential of the galaxy, it
constructs a distribution distribution function as a linear combination of components, which are chosen
such that the observations are well reproduced. In recent years, a number of galaxies were accurately
modeled using the QP algorithm (Dejonghe et al. 1996, Emsellem et al. 1999, Statler et al. 1999, De
Rijcke 2000, De Bruyne et al. 2001). For a complete description of the routine we refer to Dejonghe
et al. (2001). For our purposes, this technique consists of three steps.
Determination of a family of potentials
The rst step in the modeling of kinematic data is the determination of the potential. Assuming a
constant mass-to-light ratio, the potential can, except for a proportionality constant, be derived from
the light prole `
p
(R). It can be calculated by the inversion of equation (6.27), which becomes
`(r) =  
1

Z
1
r
d`
p
dR
(R)
dR
p
R
2
  r
2
: (8.1)
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Figure 8.1: The dierence (R) in surface brightness between our dusty projected density proles and the
best tting Plummer light proles, for the modest optical depths  = 1 and  = 2, and also for the higher
values  = 5 and  = 10. It is clear that for modest optical depths a Plummer prole provides a satisfying t
to the dust-aected proles, such that we can safely assume a Plummer potential in our modeling procedure.
The dots in the gure indicate the observed core radii ~c of the Plummer light proles, where by construction
`
p
(~c) = `
Pl
p
(~c).
This inversion can to be performed analytically, but we prefer to work with a potential whose functional
form is explicitly known. We nd that, for the modest optical depths we are considering, the dust-
aected light proles of our models can still be satisfyingly described by Plummer light proles, with a
apparent core radius ~c which is dependent of the optical depth of the input model,
`
p
(R)  `
Pl
p
(R) = `
p;0

1 +
R
2
~c
2

 2
: (8.2)
In gure 8.1 we plot the dierence
(R) =  2:5 log

`
p
(R)=`
Pl
p
(R)

: (8.3)
in surface brightness between the dusty projected light density proles `
p
(R) and the best tting
Plummer light proles `
Pl
p
(R). Even at very large projected radii we nd that  never becomes larger
than 0.05 for  = 2, such that we can say that the Plummer character of the galaxy is preserved for
modest values of  . We will therefore assume a Plummer potential
~
 (r) =
G
~
M
~c

1 +
r
2
~c
2

 
1
2
(8.4)
for our models. The apparent core radii of the best tting potentials are tabulated in the third column
of table 8.1. The apparent mass
~
M , or equivalently the apparent mass-to-light ratio
~
 is still featuring
as a free parameter. Hence we have a family of potentials, instead of a single potential. For each of
these potentials we will construct a DF, and determine the best potential afterwards by comparing the
models with the data.
Determination of the distribution function
Given the fact that we have a perfect data set at our disposal, there exists one and only one two-integral
DF that ts these data (Dejonghe & Merritt 1992). It is always possible to write this DF as a innite
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sum of components
~
F (E;L) =
1
X
i=1
c
i
F
i
(E;L); (8.5)
where c
i
are the coeÆcients and the components F
i
(E;L) form a complete set of simple dynamical
models. For the light prole we can write
`
p
(R) = 2
Z
1
R
~
`(r) r dr
p
r
2
 R
2
= 2
~
L
Z
1
R
r dr
p
r
2
 R
2
ZZZ
~
F (E;L) dv
= 2
~
L
1
X
i=1
c
i
Z
1
R
r dr
p
r
2
 R
2
ZZZ
F
i
(E;L) dv
=
1
X
i=1
c
i
`
i
p
(R) (8.6)
where `
i
p
(R) represents the light prole corresponding to the ith component. Analogously we can write
for the LOSVDs and their moments
`
p
(R)
p
(R; v
k
) =
1
X
i=1
c
i
`
i
p
(R)
i
p
(R; v
k
) (8.7)
`
p
(R)
2n
p
(R) =
1
X
i=1
c
i
`
i
p
(R)


2n
p

i
(R): (8.8)
The light prole and the projected kinematics hence have the same expansion as the DF. We will use
this property to construct a dynamical model. We consider a nite sum,
~
F (E;L) 
N
X
i=1
c
i
F
i
(E;L); (8.9)
where the components are chosen such that their DF, LOSVDs and LOSVD moments can easily be
calculated, and such that they span a wide range of orbital modes. A family of components that satises
this criteria are the Fricke components which have a simple power law as DF,
F
i
(E;L) / E

L
2
: (8.10)
For this family of components, most of the kinematics can be calculated analytically for positive, integer
values of  (De Rijcke 2000). Practically, we oered the program a library of about 30 components,
which proved to be largely suÆcient. The best tting model is found be determination of the coeÆcients
c
i
such that the model ts the data as well as possible, i.e. by minimizing the 
2
-like variable

2
=
X
m
"
w
m
 
1 
P
N
i=1
c
i

i
m

m
!#
2
(8.11)
where the sum contains all data points, 
m
stands for the mth data point ( = `
p
,  = `
p

2
p
or
 = `
p

p
), and w
m
is the weight accorded to the mth data point. Since we have perfect noiseless
synthetic data at our disposal, we can use these weights to (arbitrarily) set the relative importance of
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Figure 8.2: The determination of the apparent mass
~
M , for a tangential input model with  = 1. The 
2
values have no absolute meaning. The best apparent mass of the model is determined at the minimum of the
plot, being 1:94  10
11
M

. The plot is shown for models containing 10, 15, 20 and 25 components. Clearly
20 components are suÆcient to determine the apparent mass accurately.
each data point in the global 
2
. For the projected density points we take w
m
= 1, for the projected
dispersion w
m
=
1
3
and for the LOSVD data the weight varies from w
m
=
1
3
at the center to w
m
=
1
10
in the outer parts. This 
2
is quadratic in the coeÆcients and has to be minimized under the linear
constraint that the DF has to be positive over a grid (E
j
; L
k
) in phase space,
N
X
i=1
c
i
F
i
(E
j
; L
k
)  0 for all j and k, (8.12)
which amounts to a typical Quadratic Programming problem. For details we refer to Dejonghe (1989).
Determination of the dynamical mass
The only unknown in our tted model now is the apparent mass
~
M , which still acts as a free parameter.
For its determination we run our models for a number of possible values, and determine the best tting
DF and the according 
2
parameter for each value. The best tting model is then determined as the
minimum in the 
2
(
~
M) plot, as demonstrated in gure 8.2. Practically we construct models for a
suÆciently large set of masses, with a step 
~
M = 2 10
9
M

, 1 per cent of the input mass.
8.2.4 A check on the modeling procedure
A check on the tting procedure is done by using  = 0 data, i.e. data from non-dusty Plummer
models. In order to make the test robust, we use the same strategy as De Rijcke & Dejonghe (1998):
for the Plummer models that can be t exactly in terms of Fricke components (q =  6,  2 and 0), we
remove these components from the library. Still, both the DF and the mass of the input models can
be successfully reproduced.
A check on the individual result of each t is done using the fourth order moment of the LOSVDs.
Because for each couple (q; ) the input and tted models are constructed such that they share the
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Figure 8.3: Results of the tting procedure for the isotropic (blue-green) and the very tangential (magenta-
yellow) models, with an optical depth  = 2. Shown are the light prole, the projected dispersion prole and
the LOSVDs at 0, 5 and 10 kpc. The dots are the data points, the solid lines represent the t. The bottom
left panel shows the projected fourth moment 
p
(R) of the LOSVDs, which is not included in the t and can
be used as a check on the results.
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 q ~c
~
L A
~
M
~

~
B
(kpc) (10
10
L

) (mag) (10
11
M

) (

)
0.0 -6 5.00 5.00 0.00 2.00 4.00 -1.45
-2 . . . . . . . . . 2.00 4.00 -0.48
0 . . . . . . . . . 2.00 4.00 0.00
1 . . . . . . . . . 2.00 4.00 0.24
0.5 -6 5.33 4.43 0.13 2.00 4.51 -1.27
-2 . . . . . . . . . 1.96 4.42 -0.40
0 . . . . . . . . . 1.94 4.38 0.08
1 . . . . . . . . . 1.94 4.38 0.26
1.0 -6 5.65 3.96 0.25 1.98 5.00 -1.10
-2 . . . . . . . . . 1.94 4.90 -0.36
0 . . . . . . . . . 1.88 4.74 0.08
1 . . . . . . . . . 1.90 4.79 0.27
1.5 -6 6.02 3.57 0.37 1.98 5.55 -1.01
-2 . . . . . . . . . 1.92 5.38 -0.32
0 . . . . . . . . . 1.84 5.15 0.10
1 . . . . . . . . . 1.84 5.15 0.29
2.0 -6 6.35 3.24 0.47 1.96 6.05 -0.91
-2 . . . . . . . . . 1.88 5.80 -0.28
0 . . . . . . . . . 1.78 5.49 0.13
1 . . . . . . . . . 1.78 5.49 0.31
2.5 -6 6.74 2.96 0.57 1.94 6.55 -0.83
-2 . . . . . . . . . 1.86 6.28 -0.25
0 . . . . . . . . . 1.74 5.88 0.14
1 . . . . . . . . . 1.72 5.81 0.32
3.0 -6 7.15 2.72 0.66 1.92 7.06 -0.77
-2 . . . . . . . . . 1.82 6.69 -0.22
0 . . . . . . . . . 1.68 6.18 0.16
1 . . . . . . . . . 1.66 6.10 0.34
Table 8.1: The apparent structure parameters of our models as a function of the optical depth and the orbital
structure of the input model. Tabulated are the apparent core radius ~c, the apparent luminosity
~
L, the total
extinction A, the apparent mass
~
M , the apparent mass-to-light ratio
~
 and the apparent mean anisotropy
~
B.
same projected kinematics (the former with, the latter without dust absorption taken into account),
also the projected fourth moment of the LOSVD, which is not included in the t, must be the same. To
check this we calculate the fourth moment once through the input model and once through the tted
model. Two representative examples are given in gure 8.3; this plot shows that the t is satisfactory.
8.3 Results
8.3.1 The mass and the mass-to-light ratio
In the sixth column of table 8.1 we tabulate the apparent masses for all the considered models. These
are graphically presented in the left panel of gure 8.4. The global eect of the dust is clear : the
apparent mass decreases nearly linearly with optical depth. The slope of this correlation however is
strongly dependent on the orbital structure. For the very tangential model the apparent mass is quite
insensitive to the presence of dust, and the impact of the dust extinction becomes gradually stronger
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Figure 8.4: The apparent mass
~
M and the apparent mass-to-light ratio
~
 of our models, as a function of the
optical depth  . They are shown for dierent orbital structures, which are indicated. The dots represent the
results of our ts, the solid lines are linear least-square ts to these points. The corresponding coeÆcients are
tabulated in table 8.2.
q a
~
M
a
~

a
~
B
b
~
B
(10
9
M

) (

)
-6 2.28 (1.1%) 1.02 (25%) 0.65 -0.09
-2 5.84 (3.0%) 0.90 (23%) 0.24 -0.03
0 10.72 (5.4%) 0.74 (19%) 0.12 -0.02
1 11.12 (5.6%) 0.72 (18%) 0.02 -0.00
Table 8.2: The parameters a
~
M
, a
~

, a
~
B
and b
~
B
from the least-squares ts to 
~
M , 
~
 and 
~
B (see text). For
a
~
M
and a
~

we give both the absolute and relative values.
as we move to the tangential, the isotropic and the radial model. We tted straight lines 
~
M = a
~
M

through the data to obtain characteristic values for the mass decrease in function of the optical depth.
These values are given in the second column of table 8.2.
In section 7.4.1 we discussed the eect of dust absorption on the apparent luminosity, the values we
found are summarized in the fourth column of table 8.1. Combining these values with the apparent
masses we obtain the apparent mass-to-light ratio of our models. The apparent luminosity decreases
stronger than the apparent mass with increasing optical depth, such that
~
 is an increasing function
of  . The dependence of
~
 on the orbital structure is only determined by the apparent mass, as the
apparent luminosities are independent of the orbital mode. As a consequence, the dependence on q is
now reversed: the mass-to-light ratio is most strongly aected for tangential models, and the eects
are smaller for radial and isotropic ones. The results are tabulated in the seventh column of table 8.1
and shown in the right panel of gure 8.4. Again, the dependence on the optical depth is nearly linear
and straight lines 
~
 = a

 are tted through the data points to obtain characteristic values. These
are tabulated in the third column of table 8.2.
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Figure 8.5: Isoprobability contour plots in turning point space, comparing the intrinsic and apparent DFs of
the four models with  = 2.
8.3.2 The distribution function
Let us now compare the apparent and intrinsic DFs of our models. These can be represented as a
function of E and L directly, but the special character of spherical potentials allows an alternative way
to represent DFs. In a static spherical potential, all stars move on planar orbits which have the shape
of a rosette: they oscillate between a pericenter r
 
and an apocenter r
+
. Instead of representing each
orbit with the integrals of motion E and L, we can as well represent them as a function of r
 
and r
+
.
The relation between the coordinates of an orbit in integral space (E;L) and its coordinates in turning
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point space (r
 
; r
+
) is given by the relations
E =  (r
 
) 
L
2
2r
2
 
(8.13)
E =  (r
+
) 
L
2
2r
2
+
; (8.14)
which express that the radial velocity of the stars at the pericenter and apocenter vanish. These two
expressions give an implicit transformation formula to calculate r
 
and r
+
for a given E and L. The
inverse transformation is found by solving these equations for E and L,
E =
r
2
 
r
2
 
  r
2
+
 (r
 
) +
r
2
+
r
2
+
  r
2
 
 (r
+
) (8.15)
L
2
=
2 r
2
 
r
2
+
r
2
+
  r
2
 
[ (r
 
)   (r
+
)] : (8.16)
We prefer to represent the DFs in turning point space, because they can then easily be interpreted in
terms of orbits.
The four panels in gure 8.5 represent contour plots of the apparent and intrinsic DFs of the four  = 2
models. Let us rst concentrate on the intrinsic DFs. In the innermost regions of the galaxies, the shape
of the intrinsic DF is comparable for the four models { indeed all Plummer models are fairly isotropic
in their centers. From a few kpc on however, we can clearly see how the isoprobability contours reect
the orbital structure of the model they represent. Tangential models prefer nearly circular orbits, with a
small dierence between apocenter and pericenter, and their contour lines will tend to lie alongside the
diagonal axis. On the other hand, radial models prefer elongated orbits, with a large dierence between
apocenter and pericenter, such that their contour lines will tend to lie rather vertically. The slope of
the isoprobability contours is thus indicative for the orbital structure of the model.
Let us now compare the intrinsic and apparent DFs. Concerning the central regions we see that the
same structure is preserved for all orbital modes. Outside this region however, there are dierences,
most clearly visible for the very tangential and tangential models : the contours are lying somewhat
more horizontally, indicating that elongated orbits are relatively more favored. Dust obscuration thus
seems to make the galaxies appear more radially anisotropic outside their innermost regions. This
behavior will be clearer when we study the apparent anisotropy of our models in detail.
8.3.3 The anisotropy
The intrinsic anisotropy of our models is calculated in section 6.3.3,
(r) =
q
2
r
2
r
2
+ c
2
: (8.17)
All models are intrinsically isotropic in the central regions, at least if isotropy is dened only from the
second order moments, and show their true orbital behavior at larger radii.
The dependence of the apparent anisotropy on the optical depth is shown, for the dierent orbital modes,
in gure 8.6. For the very tangential and tangential models, we see that the eect, as determined from
the DF plots, is conrmed: as for the intrinsic orbital structure, all models are isotropic in their inner
regions, and they are less tangential at larger radii. Rather logically, this eect increases with increasing
optical depth. Looking at the third and fourth panel we see that also the apparent anisotropy of the
isotropic and radial models increases outside a few kpc. All models thus seem to be subject to a
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Figure 8.6: The true and apparent orbital structure, as characterized by the anisotropy. The four top panels
show the apparent anisotropy proles
~
(r) for a set of models, whereas the bottom panel shows the apparent
mean anisotropy
~
B of our models as a function of  and q.
\radialization", i.e. dust obscuration tends to make galaxies appear more radially anisotropic outside
the central few kpc, even if they are already intrinsically radial.
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In order to quantify the strength of the radialization in function of the input parameters q and  , it is
useful to consider one single anisotropy parameter. We dene a mean anisotropy B as
B =
R
(r) `(r) r
2
dr
R
`(r) r
2
dr
(8.18)
with the integral covering the region of our ts (between 0 and 10 kpc). The intrinsic mean anisotropy
for our models is of course proportional to the parameter q; substituting (8.17) and (6.37) in (8.18)
we nd
~
B = 6q=25. In the last column of table 8.1 we tabulate and in the bottom panel of gure 8.6
we plot the apparent mean anisotropy
~
B for our models as a function of the optical depth. One can
clearly see that
~
B increases for increasing optical depth, and the more tangential the input model, the
stronger the radialization. The curves in the gure are quadratic ts 
~
B = a
~
B
 + b
~
B

2
to the data
points, and the coeÆcients are tabulated in the last two columns of table 8.2.
8.4 Dependence on the dust model
The calculations presented so far are based on a King dust model with  = 3. But, as discussed in
section 1.1.2, very little is known about the spatial distribution of the dust in elliptical galaxies. In this
chapter we will investigate whether the obtained results change dramatically if the relative distribution
of dust and stars varies. Therefore we consider the more general King opacity function presented in
section 7.3.2,
(r) =
1
p


 
 

2

 
 
 1
2

1
c

1 +
r
2
c
2

 

2
: (8.19)
The dust exponent , sets the spatial distribution of the dust: small values of  correspond to spatially
extended dust distributions, whereas larger values of  correspond to centrally concentrated dust. We
consider  = 1:5,  = 2 and  = 5 (besides  = 3) and create new dusty Plummer models for each
of these exponents and for the four orbital modes, where we x the optical depth at the median value
 = 2. Data sets are created and these are modeled exactly as before. In particular, the observed
light prole can still in a satisfying way be approximated by a Plummer potential (8.4), for all values
of  under consideration. In table 8.3 we tabulate the results of our modeling, and these are presented
graphically in gure 8.7.
Qualitatively, the eects are the same, independent of the value of the dust exponent: the apparent
dynamical mass decreases, the orbital structure seems more radial and the apparent mass-to-light ratio
increases. Moreover, the dependence on the orbital structure of these eects is similar for all dust expo-
nents: the radial and isotropic models tend to lose more mass and keep their orbital structure, whereas
for the tangential and very tangential models it is vice versa. Quantitatively, there is a dependence
on the dust geometry. The apparent dynamical mass and the apparent orbital structure are unaected
for both very large or very small values of . The eects appear to be strongest for  around 3.
The apparent mass-to-light ratio however, has totally dierent dependence on , it is strongly aected
(a factor 2 to 3) for extended dust distributions, and the eects decreases gradually when the dust
becomes centrally concentrated. In fact,
~
 is largely determined by the apparent luminosity, which is
a strong function of the dust geometry: the dust absorption is far more eective for extended than for
centrally concentrated distributions. This behavior can be illustrated when we consider the limits of
very low and very high dust exponents. For an extremely extended dust distribution ( = 1) on the one
hand, the dust eectively forms an absorbing screen with optical depth =2 between the galaxy and the
observer. In section 7.4.2 we explained that, relative to the dust-free case, the light prole decreases
with a factor exp (=2), independent of the line-of-sight, whereas in section 7.5.2 we showed that the
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Figure 8.7: The apparent mass
~
M , the apparent mass-to-light ratio
~
 and the apparent mean anisotropy
~
B,
as a function of the dust exponent , with  = 2 xed. The dots represent the calculated values, the solid lines
are just lines to guide the eye, in contrary with gure 8.4. The dotted lines in represent the intrinsic values of
the represented quantities.
LOSVDs are not aected. Hence, a model with exactly the same potential, dynamical mass and orbital
structure, but with a mass-to-light ratio which is a factor exp (=2) higher, will t these data exactly.
For an extremely centrally concentrated dust distribution (  5) on the other hand, the dust eects
will be visible only in the very innermost regions. As a result, neither the projected light density, nor
the LOSVDs will be severely aected, and hence the data will be nearly the same as in the dust-free
model. All intrinsic quantities will hence be recovered.
The question we wanted to answer in this section was whether the results we obtained using the
 = 3 model change dramatically as a function of the dust geometry. As we argued, neither centrally
concentrated nor very extended dust distributions seem very probable. Therefore we consider the range
2 .  . 5, where the stars are somewhat more concentrated than the dust, as representative for realistic
geometries. Although
~
M ,
~
 and
~
B do vary with  within this range, the eects have qualitatively
the same behavior (decreasing apparent dynamical mass, increasing apparent mean anisotropy), and
quantitatively the same order of magnitude. Hence we can conclude that our results of the  = 3 case
can be considered as representative.
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 q ~c
~
L A
~
M
~

~
B
(kpc) (10
10
L

) (mag) (10
11
M

) (

)
1.0 -6 5.00 1.84 1.09 2.00 10.87 -1.45
-2 . . . . . . . . . 2.00 10.87 -0.48
0 . . . . . . . . . 2.00 10.87 0.00
1 . . . . . . . . . 2.00 10.87 0.24
1.5 -6 5.58 2.31 0.84 1.98 8.58 -1.09
-2 . . . . . . . . . 1.94 8.41 -0.32
0 . . . . . . . . . 1.88 8.15 0.11
1 . . . . . . . . . 1.88 8.15 0.31
2.0 -6 5.91 2.70 0.67 1.96 7.26 -0.98
-2 . . . . . . . . . 1.90 7.04 -0.29
0 . . . . . . . . . 1.82 6.74 0.13
1 . . . . . . . . . 1.82 6.74 0.31
3.0 -6 6.35 3.24 0.47 1.98 6.04 -0.91
-2 . . . . . . . . . 1.88 5.80 -0.28
0 . . . . . . . . . 1.78 5.49 0.13
1 . . . . . . . . . 1.78 5.49 0.31
5.0 -6 6.69 3.82 0.29 1.98 5.18 -0.97
-2 . . . . . . . . . 1.92 5.03 -0.36
0 . . . . . . . . . 1.84 4.82 0.05
1 . . . . . . . . . 1.78 4.66 0.34
Table 8.3: The apparent structure parameters of our models as a function of the dust exponent , for a xed
optical depth  = 2. The tabulated quantities are the same as in table 8.1.
8.5 Discussion
The aim of this chapter was to investigate which errors will be drawn on the apparent structure of
elliptical galaxies when dust absorption is not included in the dynamical modeling procedure. Therefore
we adopted the set of dusty galaxy models of the previous chapter, and calculated the projected
kinematics, taking dust into account. These data sets are then modeled as if no dust were present, and
the apparent dynamical properties of these models are calculated and compared to the intrinsic ones,
as a function of the orbital structure of the input model, the optical depth of the dust and the dust
geometry.
We nd that (1) the dynamical mass of the galaxy tends to become smaller, (2) the orbital structure
seems to be radialized. For a xed optical depth and dust geometry, the relative strength of these eects
depends on the orbital structure of the input model. For radial and isotropic models the apparent mass
decreases signicantly, with a typical amount of 5 per cent per optical depth unit, whereas their orbital
structure is hardly aected. For tangential models on the other hand, the dynamical mass is less
sensitive to the presence of dust (about 3 per cent per optical depth unit for the tangential model and
less for the very tangential model), whereas now the radialization is considerably stronger. Both eects
are apparently coupled, in a way that reminds of the mass-anisotropy degeneration in spherical systems.
The eects are dependent on the shape of the dust distribution, but not very critically: for the dust
exponents in the range 2 .  . 5 the eects are very comparable. On the one hand this is fortunate,
since it means that our calculations are more or less model-independent, and can be applied for a wide
range of dust geometries. On the other hand however, this means that dynamical analyses will not be
able to discriminate convincingly between dierent values for the dust exponent. Analyses as ours can
thus hardly be used to constrain the distribution (and the origin) of the smooth dust component in
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ellipticals. Further FIR and submillimeter observations, in particular ISO data, are necessary to solve
this problem.
The combined results of this and the previous chapter may at rst glance seem quite contradictory. In
chapter 7 we found that the observed kinematics of elliptical galaxies are not severely aected by dust
obscuration. Whence it seemed obvious that modest amounts of dust do not imply large uncertainties
on dynamical mass determinations or estimates of the anisotropy of these systems. In this detailed
study however we nd that dust does have an important eect on the determination of the dynamical
structure, in particular the dynamical mass and the anisotropy. The answer to this apparent discrepancy
lies in the fact that the potential plays am important ro^le in the determination of the internal structure
of galaxies. Dejonghe & Merritt (1992) show that, in case of a spherical two-integral system, the
knowledge of the potential and the entire set of LOSVDs suÆce to determine the DF uniquely. The
potential itself can be considerably constrained by the LOSVDs, but is not uniquely determined, such
that a set of potentials will usually yield acceptable models for a data set. Often one chooses that
potential that is derived from the observed light prole, if this one is one of the possible choices (e.g. if
dark matter is not assumed to play a major role). But if dust is present, the light prole will be severely
aected, even by small amounts of dust, such that the matching potential will not be the correct one.
And as diuse dust is assumed to be present in a major fraction of the early-type galaxies, we argue
that it is important to at least be aware of its eects, which may not be as trivial as one might imagine.
As Wise & Silve (1996) stressed, all broadband observations of elliptical galaxies may be aected by
dust, and hence dust should be seriously taken into account in their interpretation. We now can add
that dust does also play a ro^le in dynamical analyses, and hence that it should also here be taken into
account, in a non-trivial way.
We close by giving a simple example to illustrate this point. A simple way to estimate the mass of
a gravitating system is its virial mass. For example, Tonry & Davis (1981) estimate the masses for
a set of 373 elliptical galaxies using a relation where mass is proportional to the eective radius and
the square of the central dispersion. Although it is nowadays possible to obtain much better mass
estimates for nearby galaxies, the virial mass estimate is still one of the only tools to constrain the mass
of galaxies and clusters at intermediate or high redshifts (Carlberg et al. 1996, 1997, Tran et al. 1999).
There is still no clarity about the amount and the sources of dust grains in the intergalactic medium
of galaxy clusters. Studies investigating the extinction eects of background galaxies and quasars yield
controversial results (Ferguson 1993, Maoz 1995). Also the FIR emission is still inconclusive: recently,
extended ISO emission has been interpreted as evidence for the presence of intracluster dust in the Coma
cluster (Stickel et al. 1998) and Abell 2670 (Hansen et al. 1999), but this evidence is still controversial
(Quillen et al. 1999). The presence of intergalactic dust still isn't rmly established, and, as Popescu et
al. (2000) suggest, the new generation of submillimeter interferometers might contribute signicantly to
solve this problem. Assuming there is a non-negligible amount of dust in the intergalactic medium, the
question is how to correct virial mass estimates of clusters for the presence of dust. A straightforward
way is to estimate amount of dust using IRAS or ISO data, and calculate the eects on dispersion and
scale length. Dispersions are only slightly aected by dust absorption (section 7.5.1), whereas scale
lengths as the eective radius or the core radius can increase substantially, as dust primarily removes
light from the center of the system (section 7.4.1). Hence we nd that the apparent mass of the galaxy
would increase as a function of  , while we nd, using detailed kinematic modeling, that the apparent
mass decreases with increasing optical depth. Moreover, this correction will be independent of the
orbital structure of the model. This again illustrates the fact that dust eects are non-trivial and should
be fully taken into account.
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Chapter 9
Including the eects of scattering
9.1 Introduction
In chapter 7 we investigated the eect of dust absorption on the light prole and the projected kinematics
in elliptical galaxies. The recipe for the inclusion of dust absorption in the calculation of the light prole
and the LOSVDs is fairly simple, because the extra term in the RTE due to absorption does not radically
change the radiative transfer process. From a mathematical point of view, the RTE remains a normal
dierential equation when absorption is included, and the light prole and LOSVDs can be calculated
as in the optically thin limit, except for an extra factor in the integration along the line-of-sight.
We will now include scattering in our models. In the rst part of this thesis, we showed that scattering
does complicate the radiative transfer problem considerably, because it turns the RTE into an integro-
dierential equation. Special techniques are necessary to tackle this equation, and in chapter 3 we
discussed four methods to solve the RTE in a plane-parallel geometry. We will now adapt one of these
methods, the Monte Carlo method, to a spherical geometry, and use it to calculate the eects of dust
absorption and scattering on the light prole and the projected kinematics in elliptical galaxies. We will
use the same set of models as in chapter 7, i.e. two-component elliptical galaxy models with a Plummer
emissivity and a general King opacity, and with parameters c = c
d
= 5 kpc, M = 2  10
11
M

and
L = 5  10
10
L

. To describe the scattering we turn again to the general Henyey-Greenstein phase
function (2.90), and we adopt the V -band optical properties of the dust, as tabulated in table 2.1.
9.2 The Monte Carlo routine
In section 3.5 we described a one-dimensional Monte Carlo routine which was set up to solve the RTE
in a plane-parallel geometry. In this section we describe a three-dimensional Monte Carlo program
which will allow us to solve the RTE in a spherical geometry, and which can be adapted in a fairly
straightforward way to more complex geometries. The adopted method is based on Witt (1977) and
Bianchi et al. (1996).
9.2.1 The emission of a photon
The rst step in the Monte Carlo cycle is the determination of the initial position of the photon,
i.e. the initial place of the star that emits the photon. This means a position r
1
= (x
1
; y
1
; z
1
)
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has to be generated according to the spatial distribution of the stars, i.e. according to the three-
dimensional distribution `(r). We will work in spherical coordinates, and we will determine a random
triplet (r
1
;
1
;
1
). Because the galaxy is spherically symmetric, the angles 
1
and 
1
can be chosen
randomly from the unit sphere, i.e.

1
= arccos(2X
1
  1) (9.1)

1
= 2X
2
; (9.2)
where X
1
and X
2
are uniform deviates. A random radial coordinate r
1
has to be generated as
X
3
=
R
r
1
0
`(r) r
2
dr
R
1
0
`(r) r
2
dr
=
4
L
Z
r
1
0
`(r) r
2
dr: (9.3)
For the Plummer emissivity (6.37), this equation can be solved for r
1
. Substitution of (6.37) in (9.3)
yields
X
3
=
r
3
1
c
3

1 +
r
2
1
c
2

 3=2
; (9.4)
and inversion gives
r
1
=
x c
p
1  x
2
with x =
3
p
X
3
. (9.5)
The cartesian coordinates of r
1
can be calculated as
x
1
= r
1
sin
1
cos
1
(9.6)
y
1
= r
1
sin
1
sin
1
(9.7)
z
1
= r
1
cos
1
: (9.8)
Besides a position, we also need to generate a propagation direction for the photon. We denote it by
n
1
= (u
1
; v
1
; w
1
), which are the coordinates relative to the global cartesian reference system. Because
the stellar emission is isotropic, we can generate the initial direction by determining a couple of angles
(
1
; 
1
) on the unit sphere

1
= arccos(2X
4
  1) (9.9)

1
= 2X
5
; (9.10)
and then
u
1
= sin 
1
cos
1
(9.11)
v
1
= sin 
1
sin
1
(9.12)
w
1
= cos 
1
: (9.13)
The emission cycle hence requires the determination of ve uniform deviates.
9.2.2 The optical depth along the photon's path
Given the position r
1
and the direction n
1
of a photon, we can calculate the optical depth along the
photon's path, which we denote by 
path
. It is the integral of the opacity along the path, i.e.

path
=
Z
1
0


r(s)

ds: (9.14)
9.2. The Monte Carlo routine 117
n
r
s
arccos
R
r
1
Figure 9.1: The connection between r
1
, r, s, R and  along a photon's path, expressed in the equations (9.16)
and (9.19). It is shown for  > 0, for  < 0 the formulae remain valid.
Because we assume spherical symmetry, we can transform this integration to an integration with respect
to the radius r. It is useful to dene  as the cosine of the angle between the radial direction and the
direction of emission,
 = e
r
1
 n
1
=
x
1
u
1
+ y
1
v
1
+ z
1
w
1
r
1
(9.15)
From gure 9.1 we see that the quantities r
1
, , r and s are connected by the relation
r
2
= r
2
1
+ s
2
+ 2r
1
s; (9.16)
such that we can write equation (9.14) as

path
=
Z
1
0


q
r
2
1
+ s
2
+ 2r
1
s

ds: (9.17)
If we want to transform this integral to an integral with respect to r, we need to invert the equa-
tion (9.16). In order to do so, we have to make a distinction between positive and negative values of
. If  > 0, there is just one value of s corresponding to each r > r
1
, given by
s =  r
1
+
p
r
2
 R
2
; (9.18)
where R represents the perpendicular distance from the photon's path to the center of the galaxy
(gure 9.1),
R =
p
1  
2
r
1
: (9.19)
With this formula, we nd for  > 0,

path
=
Z
1
r
1
(r) r dr
p
r
2
 R
2
: (9.20)
If  < 0, the correspondence between r and s is not one-to-one. Indeed, at the initial position of the
photon, s = 0 and r = r
1
. As the photon moves on its path, s will increase and r will decrease,
according to the formula
s =  r
1
 
p
r
2
 R
2
; (9.21)
until it will reach a minimum value r = R at s =  r
1
. From that point on, r will increase with
increasing s as
s =  r
1
+
p
r
2
 R
2
: (9.22)
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Hence, if we want to transform the integration with respect to s into an integration with respect to r
for negative , we have to split the integral, and we obtain

path
=
Z
1
R
(r) r dr
p
r
2
 R
2
+
Z
r
1
R
(r) r dr
p
r
2
 R
2
: (9.23)
The expressions (9.20) and (9.23) can be written as one single formula as

path
=
Z
1
R
(r) r dr
p
r
2
 R
2
  sgn
Z
r
1
R
(r) r dr
p
r
2
 R
2
: (9.24)
Substitution of the King opacity function (7.10) into this expression yields the result

path
= 
p
"
1  sgnU
 3
 
s
r
2
1
 R
2
r
2
1
+ c
2
!#
; (9.25)
where 
p
is dened as in equation (7.13).
9.2.3 Interaction of the photon with a dust grain
We now generate a free path length 
1
for the photon. These have to be chosen from an exponential
distribution, such that
X
6
=
Z

1
0
e
 
d; (9.26)
which can easily be solved for 
1
,

1
=   ln(1 X
6
): (9.27)
There are two possibilities: the free path length of the photon is either larger or smaller than the
optical depth along its path. In the former case, the photon will leave the galaxy, where it will be
detected according to its position and direction. In the latter case, it will interact with a dust grain,
either through an absorption or a scattering event. Just as in the Monte Carlo routine described in
section 3.5, we will attach a weight to each photon instead of simulating absorption, and we will use
the rst forced scattering mechanism to increase the eÆciency of the routine, i.e. we will replace (9.27)
by

1
=   ln

1 X
6
 
1  e
 
path

: (9.28)
9.2.4 Position of the scattering
Given 
1
< 
path
, we have to calculate the position r
2
= (x
2
; y
2
; z
2
) along the photon's path where it
will be scattered. It can be found by solving the equation

1
=
Z
l
0


r(s)

ds (9.29)
for l, and then setting
r
2
= r
1
+ ln
1
: (9.30)
9.2. The Monte Carlo routine 119
In order to transform the integration in (9.29) to an integration with respect to a radial coordinate, we
have to take into account the distinction between positive and negative values of . For positive , the
correspondence between r and s is one-to-one, and l can be found by solving r
2
from

1
=
Z
r
2
r
1
(r) r dr
p
r
2
 R
2
; (9.31)
and introducing it into
l =  r
1
+
q
r
2
2
 R
2
: (9.32)
If  is negative, we know that r rst decreases and then again increases if s increases. We dene a
critical path length 
crit
as the path length corresponding to the point along the path with the minimal
distance to the galaxy center. At this point r = R and s = r
1
jj, and the critical path length is

crit
=
Z
r
1
jj
0


r(s)

ds =
Z
r
1
R
(r) r dr
p
r
2
 R
2
; (9.33)
which becomes for the opacity function (7.10),

crit
= 
p
U
 3
 
s
r
2
1
 R
2
r
2
1
+ c
2
!
= j
path
  
p
j: (9.34)
If 
1
< 
crit
, then the interaction will occur in the rst part of the path, i.e. before the critical point
r = R. In this part of the line-of-sight, r and s are connected by the one-to-one formula (9.21). In
order to nd l we have to solve the equation

1
=
Z
r
1
r
2
(r) r dr
p
r
2
 R
2
; (9.35)
for r
2
and introduce this value into
l =  r
1
 
q
r
2
2
 R
2
: (9.36)
The last scenario is when  < 0 and 
1
> 
crit
, then the point of interaction will be situated in the
second part of the path, i.e. the part of the path where r and s are connected according to (9.22).
Then l can be found by nding the unique r
2
that satises

1
= 
crit
+
Z
r
2
R
(r) r dr
p
r
2
 R
2
; (9.37)
and substituting it into
l =  r
1
+
q
r
2
2
 R
2
: (9.38)
The three equations (9.31), (9.35) and (9.37) can be written in one general form as
j
crit
+ sgn 
1
j =
Z
r
2
R
(r) r dr
p
r
2
 R
2
: (9.39)
If we introduce the opacity function (7.10), in this equation, we obtain
j
crit
+ sgn 
1
j

p
= U
 3
 
s
r
2
2
 R
2
r
2
2
+ c
2
!
; (9.40)
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and solving r
2
from this equation gives
r
2
=
s
R
2
+ 
2
c
2
1  
2
where  = U
 1
 3

j
crit
+ sgn 
1
j

p

: (9.41)
The physical path length l can the be obtained by substitution of this value in either (9.32), (9.36)
or (9.38), and the scattering position can be found as
x
2
= x
1
+ lu
1
(9.42)
y
2
= y
1
+ lv
1
(9.43)
z
2
= z
1
+ lw
1
: (9.44)
9.2.5 The new direction after the scattering
The next step in the routine is the calculation of the new propagation direction n
2
of the photon.
To characterize this new direction we construct new reference system centered at r
2
. We choose the
z
0
-axis along the old propagation direction n
1
, and the x
0
-axis parallel to the projection of the z-axis
on the plane normal to n
1
. Relative to the original reference system the coordinates of the unit vectors
of this new reference system are
e
z
0
= n
1
= (u
1
; v
1
; w
1
) (9.45)
e
x
0
=
n
1
 (e
z
 n
1
)
kn
1
 (e
z
 n
1
)k
=
 
 
u
1
w
1
p
1  w
2
1
; 
v
1
w
1
p
1  w
2
1
;
q
1  w
2
1
!
(9.46)
e
y
0
= e
z
0
 e
x
0
=
 
v
1
p
1  w
2
1
; 
u
1
p
1  w
2
1
; 0
!
: (9.47)
We will characterize the new propagation direction n
2
by the polar angle and azimuth 
0
and 
0
, relative
to this new coordinate system. The advantage of this procedure is that the polar angle 
0
is the actual
scattering angle, i.e. the angle between the old and new propagation directions of the photon. Hence,
the azimuth 
0
can be chosen randomly,

0
= 2X
7
; (9.48)
whereas the polar angle 
0
has to be calculated by inversion of the equation
X
8
=
1
2
Z
cos 
0
 1
(cos)d(cos): (9.49)
If the Henyey-Greenstein phase function (2.90) is substituted into this formula, we obtain
X
8
=
1  g
2
2g
"
1
p
1 + g
2
  2g cos 
0
 
1
1 + g
#
; (9.50)
and solving for 
0
gives

0
= arccos
(
1
2g
"
1 + g
2
 

1  g
2
1  g + 2gX
8

2
#)
: (9.51)
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Notice in particular that this expression simplies in the cases g = 0 and g = 1,

0
=
(
arccos(2X
8
  1) if g = 0
0 if g = 1:
(9.52)
These results are what one expects intuitively: for isotropic scattering (g = 0) the new propagation
direction is distributed randomly on the unit sphere, whereas for forward scattering the propagation
direction is unaected.
Given 
0
and 
0
, the new propagation direction n
2
is determined by
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or explicitly
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9.2.6 Second, third,. . . cycle
The mechanism of scattering described above can now be started over again. Given the position r
2
and the propagation direction n
2
of the photon, we can calculate the new optical depth along the path

path
and generate a random free path length 
2
for the photon. If 
2
< 
path
, we adapt the weight of
the photon, and calculate the position r
3
of the scattering and the new propagation direction n
3
after
the scattering. And so on, and so on. This loop can be repeated until the photon will eventually leave
the galaxy, i.e. until the generated path length will be larger than the optical depth along the path. It
can then be recorded. If this loop is repeated for many photons (we use about 10
6
photons), we can
calculate the light prole and the projected kinematics.
9.3 The light prole
9.3.1 Calculation of the light prole
A rst way in which we can record the photon is a photometric way: we simulate an imaging procedure.
If a photon leaves the galaxy we record the position of the last scattering and the propagation direction
of the photon. Because of the spherical symmetry of the galaxy however, we only need to record the
impact parameter R of the photon's nal path. The registration of the photons is done by constructing
a histogram of the photons leaving the galaxy as a function of R, where the contribution of each photon
is weighted by its weight. If the weighted number of photons in the ith bin is s
i
, the mean surface
brightness in the ith bin is then determined by
`
p
=
L
N
s
i
(R
2
i
 R
2
i 1
)
; (9.57)
where N is the total number of emitted photons, and R
i 1
and R
i
are the minimal and maximal
impact parameters of the bin respectively. For the choice of the bin size we were led by following
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Figure 9.2: The two direction 
 
and 
+
corresponding to a given distance r from the galaxy center and a
given projected radius R.
arguments. On the one hand, if the bins are too large the spatial resolution will be bad and the results
will be over-smoothed; very small bins on the other hand require a large amount of photons (and hence
computation time) in order to have good statistics. We tried various bin sizes, and found that a spatial
resolution of 0.1 kpc is a good compromise.
9.3.2 Dependence on the optical depth
In gure 9.3 we demonstrate how the light prole is aected when both absorption and scattering
are present. Comparing these results to those obtained when only absorption is accounted for (dotted
lines), we see that the inclusion of scattering has at rst order qualitatively the same eect on the light
prole as absorption alone. The amount of light arriving at the observer is reduced, in particular in
the central regions of the galaxy. As a consequence also the apparent luminosity decreases, and the
apparent size of the core (measured by R
e
or R
c
) increases as a function of  , just as was the case for
the models with absorption only.
Quantitatively the eects on the light prole are, for a xed optical depth, smaller when scattering is
included. Roughly, the eects of a scattering dust component with optical depth  can be approximated
by a purely absorbing dust component with eective optical depth =2, which is an often adopted pre-
script. This approximation follows naturally from adopting a forward scattering function instead of the
Henyey-Greenstein phase function (see section 5.2). However, in chapter 5 we warned not to underesti-
mate the eects of scattering: the physical process of scattering has a completely dierent nature than
absorption, because it changes the path along which the photons propagate. We demonstrated that
in a plane-parallel geometry, photons prefer the face-on direction to leave the galaxy, because when
a photon is scattered into that direction, its chances to leave the galaxy are larger (the optical depth
along the path is shorter) than when it is scattered into inclined directions.
In spherical symmetry an analogous reasoning holds, but one has to take care. Consider a photon which
is scattered at a distance r. It can than be scattered into dierent lines-of-sight, and its chances to
leave the galaxy will be dependent on which line-of-sight it is scattered into. More precisely, if a photon
is scattered into the direction , the probability that it will leave the galaxy without another interaction
will be exp[ 
path
(r; )]. Because the optical depth will be smallest along the path directed away from
the center of the galaxy, the probability that the photon will leave the galaxy is largest when  = 1.
One would therefore be inclined to think that the photons will prefer to leave the galaxy through the
central lines-of-sight. However, the connection between lines-of-sight and directions is not one-to-one:
to every possible line-of-sight the photon can be scattered into (to every R 6 r) correspond two values
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Figure 9.3: The dependence of the light prole on the optical depth. This gure is the analogue of gure 7.2,
but with scattering included. The dotted lines represent the corresponding observables when only absorption is
considered. Shown are the light prole and the extinction for various values of the optical depth, the surface
brightness explicitly as a function of  for several lines-of-sight, and the apparent luminosity
~
L, and the core
radius R
c
and the eective radius R
e
as a function of  .
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of , one directed towards the center of the galaxy and one towards the edge of the galaxy (gure 9.2)


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r
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R
2
r
2
: (9.58)
Of all the photons scattered at r and moving on a path R (in one of the two possible directions), the
number of photons that will leave the galaxy is
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We (logically) recover the weight function K(r; R), dened in (7.6). For xed values of r, the function
K(r; R) is an increasing function of R, hence having its maximal value at R = r. Photons will hence
on average more easily leave the galaxy at large projected radii. As a consequence, the net eect of
scattering is that photons are scattered out of lines-of-sight close to the center of the galaxy, into lines-
of-sight with a large projected radius. In the outer regions of the galaxy, the galaxy will even appear
brighter than when dust extinction is not taken into account, clearly visible in the two left panels of
gure 9.3. These results are in agreement with those found by Wise & Silva (1996), and they will be
very important when we investigate the eects of absorption and scattering on the projected kinematics.
9.3.3 Dependence on the dust geometry
Now we x the optical depth at  = 2 and vary the dust exponent , in order to investigate how the light
prole depends on the relative geometry of stars and dust. The results are shown in gure 9.4. Because
the combined eects of scattering and absorption on the light prole can roughly be approximated by
pure absorption with an eective optical depth =2, we can resume the main result of section 7.4.2: the
eects of extinction are stronger for extended dust distributions than for centrally concentrated ones.
However, we noted in the previous section that the inclusion of scattering implies that photons are
scattered out of central lines-of-sight into lines-of-sight which do not intersect the center of the galaxy.
As a consequence, the outer regions of the galaxy will appear brighter due to scattering o dust grains.
Also this eect is stronger for extended dust distributions, because these distributions imply more dust
in the outer regions of the galaxy and hence an enhanced probability to be scattered into the outer
lines-of-sight. Hence at very large projected radii, `
p
(R) will be a decreasing function of  if scattering
is taken into account, whereas it is always an increasing function of  if only absorption is taken into
account. This occurs only at very large lines-of-sight, but the eects are already visible at R = 20 in
gure 9.4.
9.4 The projected kinematics
9.4.1 Calculation of the projected kinematics
In section 9.3.1 we described how the light prole can be calculated from the Monte Carlo routine. The
Monte Carlo routine will also allow us to calculate the projected kinematics.
Each photon carries within it the kinematic signature of the star that emitted it. Indeed, according to
the direction in which the photon propagates, it will have a certain redshift (or blueshift, which is of
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Figure 9.4: Same as gure 9.3, but for dierent values of the dust exponent  and with a xed optical depth
 = 2. This gure is hence an analogue of gure 7.3.
course a negative redshift). The redshift is proportional to v
k
, the component of the velocity of the
emitting star along the direction of the path of the photon. Notice that this redshift changes as the
photon travels through the galaxy. Indeed, consider that the star that emitted the photon had a velocity
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v. The photon's initial propagation direction being n
1
, the photon carries a redshift v
k
= v  n
1
. If
the photon is scattered however, its propagation direction changes to n
2
and its redshift accordingly
to v
k
= v  n
2
. When the photon nally leaves the galaxy after a number i of scatterings, its redshift
will equal v
k
= v  n
f
, i.e. it will be determined by the initial velocity of the star that emitted it, and
by the propagation direction n
f
of its nal path.
In order to calculate the LOSVDs, the starting point of the emission cycle hence does not only require
the generation of a position r
1
and a photon propagation direction n
1
, but also a stellar velocity v. The
position r
1
and the direction n
1
can still be generated as described in section 9.2.1, and the velocity
has to be determined from the three-dimensional probability density
f(v) =
LF (r
1
;v)
`(r
1
)
: (9.60)
The generation of random variables from this probability density can be done using the acceptance-
rejection method (Abramowitz & Stegun 1965, Press et al. 1989). This technique has been adopted
by Wybo & Dejonghe (1996) to create articial globular clusters with a Plummer distribution function.
With these initial conditions, we follow the photon until the exit conditions are satised. Assume that
r
f
and n
f
are the nal scattering position and propagation direction. We can then calculate the impact
parameter of the nal line-of-sight (from r
f
and n
f
), and the redshift of the photon (from v and n
f
).
If we divide the two-dimensional plane dened by R and v
k
in a number of bins, the photon will be
stacked, according to its weight, in the appropriate bin. Repeating this for a large number of photons,
a two-dimensional histogram, i.e. a CCD frame, can be created. For each bin in the spatial direction
we can consequently construct the LOSVD and the projected moments.
This method can be rationalized. Looking at the ro^le of the velocity vector v, we see that it doesn't
show up in the Monte Carlo procedure, but only in the classication process. Moreover, we actually
don't need the entire information contained in the velocity v. As we showed above, we only need the
component v
k
of the velocity in the direction n
f
. In section 6.2.4 we introduced the spatial LOSVD
(r; v
k
;n) as the probability that a star at position r has a velocity component v
k
in the direction
n. Given the position of emission r
1
and the nal propagation direction n
f
of the photon, the spatial
LOSVD (r
1
; v
k
;n
f
) hence describes the probability density for the line-of-sight velocities. We then
generate a random redshift v
k
by generating a uniform deviate X
9
and inverting the relation
X
9
=
Z
v
k
 1
(r
1
; v
0
k
;n
f
) dv
0
k
: (9.61)
Instead of generating a three-dimensional velocity vector for each photon in the beginning of the Monte
Carlo cycle, it is suÆcient to generate, at the end of the cycle when the nal propagation direction
is known, one line-of-sight velocity component. This will save many random number generations and
distribution function evaluations, which are costly processes.
The Monte Carlo method can be further optimized. Instead of generating one single random v
k
, we
can, for each bin in the velocity direction, calculate the probability that the line-of-sight velocity will
fall in that bin. If the boundary values of a bin are given by v
k;j 1
and v
k;j
, this probability equals
Z
v
k;j
v
k;j 1
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: (9.62)
For each photon, we assign a weighted value to each bin corresponding to the given projected radius,
which gives better statistics.
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Figure 9.5: The eect of the optical depth on the LOSVDs. Shown are a set of LOSVDs 
p
(R; v
k
) atR = 0 kpc,
R = 5 kpc and R = 20 kpc, for the radial model q = 2 (left column) and the isotropic model q = 0 (right
column). LOSVDs are plotted for  = 0 (black),  = 2 (green),  = 4 (magenta) and  = 10 (yellow).
9.4.2 Dependence on the optical depth
In an optically thin galaxy, the LOSVD is formed by summing the contribution of the line-of-sight
velocities of all stars that are situated along that line-of-sight. In section 7.5.1 we discussed the eect
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Figure 9.6: Same as gure 9.5, but for the tangential model q =  2 and the very tangential model q =  6.
of dust absorption on the projected kinematics. If absorption is included in the projection process,
still the same stars on the line-of-sight contribute to the LOSVD, but the contribution of each star is
weighted by the amount of starlight that is able to survive the absorption and reach the observer. The
net eect is that, for a given line-of-sight, the stars at the outer parts of the line-of-sight contribute
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Figure 9.7: The eect of the optical depth on the projected velocity dispersion. Projected dispersion proles
are shown for the four orbital models and for the optical depths indicated.
relatively more to the LOSVD than the stars in the central parts. Because the highest velocities along a
given line-of-sight are usually in the center of the galaxy (except for outer lines-of-sight in very radially
anisotropic models), smaller line-of-sight velocities will have a larger weight in the LOSVD, which
consequently will be more peaked. However, we found that these eects are negligible for moderate
optical depths, and only considerable for optical depths  > 5, which are probably not appropriate for
ellipticals.
If scattering is taken into account, the situation changes drastically. In section 9.3.2 we showed that
the net eect of scattering, at least for the light prole, is that photons are taken away from the
central lines-of-sight and sent into lines-of-sight at larger projected radii. Now consider a photon that
is emitted by a star near the center of the galaxy, and, through one or various scatterings, propagates
towards the observer at a large projected radius. Although this photon will contribute to the LOSVD
at this large projected radius, it carries inside of it the redshift information it got from the star that
emitted it. Notice that this star does not belong to that LOSVD. Hence, when scattering is taken into
account, the LOSVDs aren't LOSVDs anymore in the strict meaning of the word: the LOSVDs contain
information of stars at totally dierent line-of-sight, but whose photons are scattered into the observed
line-of-sight.
In order to investigate the eect of scattering on the projected kinematics as a function of the optical
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Figure 9.8: The eect of the optical depth on the kurtosis of the LOSVDs. Kurtosis proles are shown for the
four orbital models and for the optical depths indicated.
depth, we need to make a dierence between lines-of-sight which pass through the central regions of
the galaxy, and outer lines-of-sight.
For the central lines-of-sight the eect of the combination of absorption and scattering is, at least
for the light prole, eectively the same eect as absorption only: photons disappear from the line-
of-sight, either through absorption, or through scattering. However, the eects of scattering on the
projected kinematics are not so straightforward than those on the light prole. For the latter, only the
net eect counts, for example if for every ten photons two are scattered out of the line-of-sight, the
result will be the same as if for every hundred photons ten were scattered out of the line-of-sight and
eight are scattered into it. For the projected kinematics this makes a dierence, because every photon
carries the kinematics signature of the star that emitted it. Without scattering, photons moving on
the central line-of-sight only contain information on the radial velocity component of stars, because
along the central line-of-sight v
k
= v
r
. The central projected velocity dispersion is then a weighted
mean of the radial velocities of the stars. If scattering is included in the modeling, the central line-
of-sight will also contain photons scattered into it, that would normally leave the galaxy at a larger
projected radius. For these photons, the line-of-sight velocity will not equal the radial velocity, but
will reect a mix of radial and tangential components. Depending on the average ratio of the radial
to tangential velocity components in the central regions of the galaxy, the mean line-of-sight velocity
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will hence be changed. A measure for this average ratio is the anisotropy (r). In a radial Plummer
model, (r) < 0, such that scattering will decrease the average line-of-sight velocity on the central
lines-of-sight. For tangential models on the other hand, the average line-of-sight velocity will increase
because the tangential velocities are on average larger than the radial ones. The way in which the
central LOSVD, or in particular the central projected velocity dispersion, will be aected by dust, will
be hence be determined by two processes. On the one hand, the central LOSVD will tend to become
more centrally peaked due to the absorption and net amount of scatterings out of the line-of-sight,
while on the other hand, the LOSVD will be inuenced by the fact that the stars scattered into the
line-of-sight have on the average another line-of-sight velocity than those scattered out of the line-of-
sight. For radially anisotropic models both mechanisms have the same eects, and indeed the central
line-of-sight becomes more peaked when the optical depth increases. For the isotropic model the second
eect can be neglected, such that we again nd that the central projected dispersion decreases as a
function of  . Finally for tangentially anisotropic model, both mechanisms have an opposite eect, and
the way the LOSVD is aected depends on which of both mechanisms is stronger. If the optical depth
is modest, the eect of the absorption is small, and the central projected dispersion increases due to
scattering. For a large optical depth, the eects of absorption (and scattering out of the line-of-sight)
will dominate, and the central projected dispersion will decrease. In the gures 9.5 and 9.6 we plot
the central LOSVDs and in gure 9.7 the velocity dispersion proles as a function of the optical depth.
These gures are consistent with the described results.
For lines-of-sight which do not cross the central regions, the situation is dierent. The net eect of
scattering is that photons are scattered from the central regions into lines-of-sight with a large projected
radius. These photons carry the kinematic information of the stars that emitted them, i.e. the typical
line-of-sight velocities appropriate in the central regions of the galaxy. Because these are on average
larger than the typical line-of-sight velocities in the outer regions of the galaxy, the LOSVD will become
broader as the optical depth increases. A very remarkable consequence of scattering is that in the
outer LOSVDs, line-of-sight velocities can be observed which would normally be impossible at these
projected radii. If scattering is not taken into account the maximal line-of-sight velocity that a star
contributing to the LOSVD at the projected radius R can have is the escape velocity at the tangent
point r = R, i.e.
p
2 (R). If scattering is taken into account, the photons observed at the line-of-sight
R can originate from stars in the centre of the galaxy where the line-of-sight velocity can be larger
that the escape velocity at R. These large line-of-sight velocities will cause broad wings in the outer
LOSVDs, illustrated in the bottom panels of gures 9.5 and 9.6. These broad wings are responsible for
the strong increase of the velocity dispersion at large projected radii, shown in gure 9.7.
The dispersion only does not completely describe the LOSVDs of course, for a more detailed description
higher order shape parameters are necessary. LOSVD shapes are often described by their higher order
Gauss-Hermite coeÆcients (van der Marel & Franx 1993, Gerhardt 1993), which describe the deviations
of the LOSVDs from a pure gaussian. Another shape parameter, which is more easy to calculate, is the
kurtosis, dened as
kur(R) =

4
p
(R)

4
p
(R)
; (9.63)
where 
p
(R) is the fourth-order moment of the LOSVDs

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p
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) v
4
k
dv
k
: (9.64)
It is a dimensionless quantity that describes how peaked the LOSVD is. As a reference, a pure gaussian
distribution has a kurtosis of 3. With the expressions (6.44) and (6.56), we nd for the kurtosis of the
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Plummer LOSVDs in the optically thin limit
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In gures 9.8 we show the kurtosis of the LOSVDs, calculated with our radiative transfer modeling, as
a function of the optical depth. These gures show that the kurtosis increases spectacularly at large
projected radii when scattering is included in the models. This is due to the broad wings in the LOSVDs,
which dominate the kurtosis through the fourth order power in (9.64).
9.4.3 Dependence on the dust geometry
In the gures 9.9 and 9.10 we plot a number of LOSVDs, with the optical depth  = 2 xed, but for
varying dust exponent . The eects on the projected kinematics are much stronger for extended dust
distributions than for centrally concentrated ones. In particular, when the dust has the same spatial
distribution as the stars, the eects of scattering on the projected kinematics are negligible for realistic
optical depths. In contrast, when the dust is very extended, the outer regions will have a large dust-stars
ratio, such that the photons that are scattered into the outer lines-of-sight form a large fraction of the
total number of photons that contribute to the LOSVDs. The wings will hence strongly grow as the
dust geometry becomes more extended, and the projected velocity dispersion increases signicantly with
decreasing , as shown in gure 9.11. The dust geometry is obviously an important parameter in the
models.
9.5 Discussion
Apparently the eects of scattering on the observed kinematics are surprisingly important. At rst sight
this comes rather as a surprise, because the eects of only dust absorption on the observed kinematics
are quite small, and it is generally assumed that the main eect of scattering is to reduce the eects
caused by absorption. The latter thought is based on the eects of scattering on the light prole. The
results we obtained in section 9.3.2 indeed conrm that the light prole obtained when scattering and
absorption are taken into account, can roughly be approximated by the light prole obtained by taking
only absorption into account and using an eective optical depth approximately half the actual value.
However, the scattering process has a totally dierent nature than the absorption process, because it can
change the photons' propagation direction. In the light prole this has only a moderate eect: due to
scattering photons prefer to leave the galaxy along lines-of-sight with a large projected radius. The net
eect of scattering is hence that a fraction of the photons that initially move on lines-of-sight through
the central region of the galaxy, is redirected and will reach the observer at larger projected radii. For
the light prole this eect could be considered as a second-order eect, but it is very important for
the projected kinematics. Indeed, these photons do not only contribute to the surface brightness of
the galaxy at large projected radii, but with the kinematics signature of the high-velocity stars at the
galaxy core they carry, they signicantly aect the LOSVDs at these lines-of-sight. The high line-of-
sight velocities imply strong wings on the LOSVDs, and consequently increase the projected velocity
dispersion and the kurtosis of the LOSVDs.
This is very important in the interpretation of the data on dark matter halos around elliptical galaxies.
For disc galaxies, the evidence for dark matter halos is convincing: the large amounts of neutral hydrogen
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Figure 9.9: The eect of the dust geometry, characterized by the dust exponent , on the LOSVDs. The
optical depth of the dust distribution is  = 2. Shown are a set of LOSVDs 
p
(R; v
k
) at R = 0 kpc, R = 5 kpc
and R = 20 kpc, for the radial model q = 2 (left column) and the isotropic model q = 0 (right column).
LOSVDs are plotted for the optically thin case (black),  = 5 (green),  = 3 (magenta),  = 2 (yellow) and
 = 1:25 (red).
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Figure 9.10: Same as gure 9.9, but for the tangential model q =  2 and the very tangential model q =  6.
can be traced out to large distances by the 21 cm recombination line. Because the gas will move on
nearly circular orbits, the potential of these galaxies can be constrained by the rotation curves. It is
found that these rotation curves remain at or slowly rising out to very large distances, which implies
the existence of massive dark matter halos (Freeman 1970, Rubin & Ford 1970, Burstein & Rubin 1985,
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Figure 9.11: The eect of the dust geometry on the projected velocity dispersion. The optical depth of the
dust distribution is  = 2. Projected dispersion proles are shown for the four orbital models and for the dust
exponents indicated.
van Albada et al. 1985).
For elliptical galaxies this important tracer can generally not be used. A number of early-type galaxies
(most of them classied as S0s) have neutral or ionized gas discs, which can be used to estimate their
dark matter content (Bertola et al. 1993, Franx et al. 1994), but these galaxies are exceptional cases and
may not be representative for the general class of ellipticals. For normal ellipticals, the neutral hydrogen
is too rare to measure the 21 cm line kinematics, and the optical emission lines are usually conned to
the central regions only (Bregman et al. 1992). Evidence for dark matter halos around giant ellipticals
comes from measurements of the density and temperature of the hot X-ray emitting gas that surrounds
them (Forman et al. 1985, Matsushita et al. 1998, Loewenstein & White 1999), or from hot tracers
in the halos, such as globular clusters (Zepf et al. 2000) and planetary nebulae (Romanowsky 2000).
Gravitational lensing has provided some evidence (GriÆths et al. 1996, Keeton et al. 1998), but the main
evidence for the dark matter halos comes from stellar kinematics. With new generation of telescopes,
stellar kinematics of ellipticals can now be measured out to 2R
e
and further and hence form a practical
instrument to constrain the presence of dark matter at large radii. If a dark matter halo is present, one
expects the velocity dispersion to fall only slowly or to remain constant with projected radius. Such
a behaviour was interpreted as a signature for dark matter haloes (Saglia et al. 1993). However, a
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slowly decreasing or nearly constant projected dispersion prole can also be due to a strong tangential
anisotropy at large radii. This mass-anisotropy degeneracy can be broken by studying the higher-order
Gauss-Hermite coeÆcients (Gerhardt 1993, van der Marel & Franx 1993), or equally the kurtosis of
the LOSVDs. Galaxies with a tangential orbital structure have h
4
< 0 or kur < 3, as shown in the
bottom panels of gure 9.8. The combination of a slowly decreasing velocity dispersion prole and
a positive h
4
prole hence forms strong evidence for dark matter haloes. For a number of elliptical
galaxies the presence of a dark matter halo is advocated by such evidence (Carollo et al. 1995, Rix et
al. 1997, Gerhardt et al. 1998). We showed however that scattering o dust grains forms an alternative
explanation for the constant or slowly decreasing velocity dispersion proles at large radii, even for
modest amounts of interstellar dust. Moreover, the higher order LOSVD shape parameters are even
more dependent on the scattering, such that predictions of dark matter haloes from higher order LOSVD
shape parameters are questionable.
Part III
Summary
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Chapter 10
Summary
Galaxies are not simply a large collection of stars, but they host a complicated mix of various stellar,
gaseous and dust components. In this thesis we concentrate on the attenuation eects of dust: through
the physical processes of absorption and scattering dust aects the radiation eld of galaxies. In
particular, the aim of this thesis is to investigate the eects of dust attenuation on the light prole and
the observed kinematics of galaxies.
10.1 Radiative transfer
The starting point for an investigation of the eects of dust attenuation is the radiative transfer equation
(RTE), which describes in a statistical way the interaction between matter and radiation. If absorption
and scattering are taken into account, the radiative transfer equation is a complicated integro-dierential
equation (for which no standard solution methods exist). The rst part of this thesis is devoted to the
description and comparison of several methods to solve the RTE in a plane-parallel geometry. Because
each method we considered allows an arbitrary vertical distribution of stars and dust (and an arbitrary
scattering phase function), it can at a rst order be applied to model large parts of galactic discs. In
chapter 3 we describe four completely independent numerical methods to solve the RTE exactly: an
iterative method, a method based on the expansion in spherical harmonics, a discretization method
and a one-dimensional Monte Carlo method. These four methods are applied in chapter 4 on a single
representative disc galaxy model in order to compare their accuracy, computational eÆciency and
exibility. We nd that the four methods yield consistent results, which guarantees their accuracy.
Concerning the eÆciency, we obtain that the spherical harmonics method is by far the most eÆcient
method, about a factor of 170 times more eÆcient that both the iteration and Monte Carlo methods.
However, only the latter two methods can be extended in a rather straightforward way to more complex
geometries (in particular axisymmetric geometries), and we anticipate that the iteration method is
probably the most eÆcient way to solve radiative transfer problems in axisymmetric disc galaxies.
Because the RTE is such a complex equation, even in a plane-parallel geometry, various approximations
have been adopted in the literature to solve it. In particular the scattering term, which is responsible
for the integro-dierential character of the RTE has often been simplied or downright neglected. In
chapter 5 we compare various simplications of the scattering term (for example forward or approximate
isotropic scattering), and we investigate which errors are made by these simplications. In general
we nd that none of these approximations is very satisfying, because of the particular nature of the
scattering process, by which photons can be scattered into other lines-of-sight than the one they
originally moved along. In a plane-parallel geometry, this mechanism is responsible for the fact that
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photons prefer to leave the galaxy at lines-of-sight in the face-on direction, rather than along inclined
lines-of-sight. The net eect of scattering in a plane-parallel geometry is hence that photons are
scattered from inclined directions into the face-on direction, and this eect cannot be simulated by
any of the adopted simplied methods. This argues for an inclusion of scattering in radiative transfer
calculations.
Besides the scattering term, also the relative geometry of dust and stars plays an important ro^le in
radiative transfer calculations. Because the four discussed solution methods can handle any vertical
distribution of stars and dust, they can be applied to investigate the inuence of the relative star-dust
geometry on the attenuation curve of disc galaxies. In order to do so, we extended the considered
disc galaxy model to a family of disc galaxy models, and we investigated how the attenuation varies in
function of the geometry. If scattering is not included in the modeling, we obtain the predictable result
that, for a xed amount of dust, extended dust distribution attenuate the galaxies most eÆciently. With
the inclusion of scattering however, we nd the remarkable result that face-on galaxies with a moderate
optical depth 
0
< 2 are most eÆciently obscured if the dust is concentrated around the central plane
of the galaxy, whereas at large inclinations, extended dust distribution are the most eÆcient. This result
is very interesting because the typical optical depth of spiral galaxies is assumed to be of order unity at
optical wavelengths.
If we compare the errors on the attenuation curve induced by a improper treatment of the scattering
term, to those caused by an imprecise knowledge of the star-dust geometry, we nd that the relative
magnitude of these errors is dependent on the inclination. For face-on galaxies it is important to include
scattering in a proper way in the modeling process, whereas for inclined galaxies it is important to have
a fairly good idea of the relative star-dust geometry. These observations lead us to re-iterate a warning
that has also been issued by various other authors: do not use too simplistic models to determine the
opacity in disc galaxies.
10.2 Radiative transfer and galaxy kinematics
Dust attenuation does not only aect the light prole, it aects the projected kinematics too. Indeed,
just like every individual star at a line-of-sight will contribute to the surface brightness along that line-
of-sight, it will also contribute to the projected kinematics by contributing its line-of-sight velocity to
the line-of-sight velocity distribution (LOSVD). In chapter 7 we calculated the eect of dust absorption
on the light prole and the projected kinematics of an elliptical galaxy model. We found that the
light prole is substantially aected, even for modest optical depths. Dust absorption also has a non-
negligible eect on the morphology of the light prole, such that all global photometric properties are
dust-dependent. On the other hand, the eects of dust absorption on the projected kinematics are
small for realistic optical depths, and only noticeable in the central regions of the galaxies, where the
optical depth is largest. This would at rst sight imply that dynamical models and hence the apparent
structure (such as the dynamical mass and the orbital structure) of ellipticals are not severely aected
by dust absorption.
We checked this in more detail in chapter 8, where we modeled articial dust-aected data sets without
corrections for the dust absorption. We found that the apparent structure of the galaxy is signicantly
aected for realistic optical depths. Due to dust absorption, the apparent dynamical mass of the
galaxy is smaller than the true mass, and the apparent orbital structure of the galaxy is more radially
anisotropic than the true orbital structure. For intrinsically radial and isotropic galaxies, their apparent
masses decreases signicantly (typically 5 per cent per optical depth unit) whereas their apparent
orbital structures are hardly aected. For tangential models on the other hand, the dynamical mass
is less sensitive to the presence of dust, whereas the radialization of the apparent orbital structure is
considerably stronger. Dust absorption hence has a non-negligible eect on the apparent dynamical
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structure of galaxies. This seems contradictory to the insensitivity of the projected kinematics to dust
absorption, the main result of chapter 7. The answer to this apparent discrepancy is that the light
prole is an important input in dynamical modeling procedures, in particular if the potential of the
galaxy is determined by deprojection of the light prole (assuming a constant mass-to-light ratio). The
eect of dust absorption on the projected kinematics is thus mainly a photometric eect. Because FIR
observations seem to suggest that ellipticals generally contain a modest amount of dust, which can
already signicantly aect the light prole of galaxies, we advocate to be aware of its eects, and to
include these in dynamical analyses.
In the rst part of this thesis we investigated the inuence of the scattering term in the radiative transfer
problem. We found that it is a rather crude approximation to neglect scattering, because of the dierent
nature of the absorption and scattering processes. We constructed a three-dimensional Monte Carlo
code, in order to calculate the light prole and the projected kinematics, with both absorption and
multiple scattering properly accounted for, for our elliptical galaxy models. We found that, analogously
as for the plane-parallel models of section 5, photons have a preferential direction to leave the galaxy: in
a spherical geometry, the net eect of scattering is that photons are scattered out of lines-of-sight close
to the center of the galaxy, into lines-of-sight with a large projected radius. This has important eects on
the LOSVDs, which hence contain kinematic information of stars which actually do not belong to these
lines-of-sight. In particular the LOSVDs at large projected radii will contain the kinematic information
of high-velocity stars from the central regions of the galaxy, and will acquire signicant high-velocity
wings. As a consequence, the projected dispersion prole of a dusty elliptical falls o only slowly or
even remains constant out to large radii, and the kurtosis of the LOSVDs increases seriously. This is
of particular importance in the discussion concerning dark matter halos around ellipticals: scattering
by dust grains forms an alternative explanation for the stellar kinematical evidence of the presence of
dark matter halos around ellipticals, and in particular predictions based on higher order LOSVD shape
parameters are questionable.
142 Chapter 10. Summary
Chapter 11
Samenvatting
Melkwegstelsels of galaxieen zijn de bouwstenen van het heelal, en bestaan uit vele miljarden ster-
ren. Maar naast sterren bevatten galaxieen ook aanzienlijke hoeveelheden interstellair gas en stof, en
bovendien zijn er aanwijzingen dat er ook nog donkere materie aanwezig zou zijn. Deze verschillende
componenten leiden geen eigen gesoleerd bestaan, maar staan in sterke wisselwerking met elkaar. Om
de structuur van melkwegstelsels goed te begrijpen is het dus noodzakelijk om de fysische eigenschappen
van alle verschillende componenten te verstaan.
Hoewel interstellair stof maar een klein gedeelte van de massa van galaxieen uitmaakt, heeft het toch
een zeer aanzienlijke invloed op astronomische waarnemingen. Stofdeeltjes interageren namelijk sterk
met sterlicht, en vervormen dus het stralingsveld (of m.a.w. het beeld) van het melkwegstelsel dat een
waarnemer op aarde kan observeren. Twee fysiche processen zijn verantwoordelijk voor deze vervorming,
die wij attenuatie noemen. Enerzijds kan een stofdeeltje een foton absorberen, en de stralingsenergie
aanwenden om zijn eigen kinetische of inwendige energie te verhogen, anderzijds kan het foton verstrooid
worden aan een stofdeeltje, zodat zijn bewegingsrichting verandert. Het is de bedoeling van deze
thesis om de gevolgen van deze fysische processen te onderzoeken. De basis voor deze studie is de
zogenammde stralingstransferverglijking, die op een statistische manier de interactie tussen straling en
materie beschrijft. Het is een vrij ingewikkelde vergelijking, die zowel partiele afgeleiden als integralen
bevat, en voor zulke vergelijkingen is er geen standaard oplossingsmethode voorhanden.
In het eerste deel van deze thesis leggen we ons toe op de transfervergelijking in planparallelle geometrie.
Zo'n geometrie kan in eerste benadering model staan voor spiraalgalaxieen. In hoofdstuk 3 worden vier
onafhankelijke methodes besproken om de transfervergelijking in deze planparallelle geometrie op te
lossen: een iteratie methode, een methode die steunt op de ontwikkeling in sferische harmonieken, een
methode waarin de vergelijking wordt gediscretiseerd, en een Monte Carlo methode. In hoofdstuk 4
worden deze toegepast op een eenvoudig model voor een spiraalgalaxie, en worden de nauwkeurigheid,
de eÆcientie en de exibiliteit van de vier methoden vergeleken. De noodzakelijke voorwaarde voor de
betrouwbaarheid van de vier methoden, nl. dat de resultaten onderling consistent zijn, is voldaan. Geen
van deze methoden is echter eenvoudig, en in de literatuur is er dan ook veelvuldig gebruik gemaakt
van vereenvoudigde oplossingsmethoden. In het bijzonder de verstrooiing wordt dikwijls benaderd of
zelfs gewoon weggelaten, omdat dit proces de transfervergelijking zoveel moeilijker maakt. In hoofd-
stuk 5 vergelijken we de exacte oplossing van de transfervergelijking met de verschillende mogelijke
benaderingen. We bekomen dat in feite geen enkel van de voorgestelde vereenvoudigingen de eecten
van verstrooiing goed kan benaderen. In hetzelfde hoofdstuk onderzoeken we ook in welke mate de
ruimtelijke verdeling van sterren en stof invloed heeft op het waargenomen stralingsveld, en in het
bijzonder welke ruimtelijke verdeling van stofdeeltjes het grootste eect heeft op het stralingsveld (bij
eenzelfde hoeveelheid stof). Ook hier vinden we dat verstrooiing een grote invloed heeft en niet zomaar
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te benaderen valt. De belangrijkste conclusie uit het eerste deel van deze thesis is dan ook dat de
eecten van verstrooiing aan interstellaire stofdeeltjes niet te onderschatten zijn, en dat deze dus in
rekening gebracht moeten worden bij de interpretatie van de fotometrie van galaxieen.
Als we de ruimtelijke structuur van een melkwegstelsel willen achterhalen kunnen we proberen het
waargenomen lichtproel te 'deprojecteren', en de driedimensionele ruimtelijke lichtkracht te vinden.
Maar dit zegt lang niet alles over de inwendige structuur van melkwegstelsels, omdat sterren niet
stilstaan in een melkwegstelsel. Zo draait de zon met een snelheid van ongeveer 220 km/s rond
het centrum van onze Melkweg. Om de zogenaamde dynamische structuur van melkwegstelsels te
achterhalen kunnen we een beroep doen op de waargenomen kinematica. Door de dopplerverschuiving
bevat elk foton dat ons bereikt immers informatie over de snelheid van de ster die het heeft uitgezonden,
en door middel van spectroscopie kunnen we die informatie ontleden. De tak van de sterrenkunde die
zich bezighoudt met het modelleren van deze data is de stellaire dynamica. Concreet probeert een stellair
dynamicus modellen te construeren voor melkwegstelsels zodanig dat die het waargenomen lichtproel
en de kinematica kan verklaren. Uit zo'n model kan men dan velerlei eigenschappen aeiden, in het
bijzonder de massaverdeling (die niet altijd equivalent is aan de verdeling van de lichtkracht). In het
eerste deel van dit werk hebben we echter besproken dat de fotonen op hun pad doorheen de galaxie
kunnen worden gehinderd door interstellaire stofdeeltjes, en dat het waargenomen stralingsveld daardoor
benvloed wordt. Aangezien de waargenomen kinematica door dezelfde fotonen tot bij de waarnemer
wordt gebracht, zal ook zij door het interstellaire stof worden benvloed. Het onderzoek naar deze
eecten is het onderwerp van het tweede deel van deze thesis. We leggen ons daarbij toe op elliptische
galaxieen, en gebruiken het Plummer model om zo'n galaxieen te voor te stellen (hoofdstuk 6).
In hoofdstuk 7 onderzoeken we het eect van absorptie door interstellaire stofdeeltjes op de waar-
genomen kinematica. Daarvoor voegen we een stofcomponent toe aan ons Plummermodel, en onder-
zoeken we hoe het lichtproel en de waargenomen kinematica afhangen van de optische diepte (een
maat voor de totale hoeveelheid stof) en de ruimtelijke verdeling van het stof. De eecten op het licht-
proel zijn aanzienlijk: zelfs met een beperkte hoeveelheid stof kan een heel deel van het licht van het
melkwegstelsel aan de waarnemer worden onttrokken. De eecten op de waargenomen kinematica zijn
echter van de orde van slechts enkele procenten, en dus in eerste orde verwaarloosbaar. Dit suggereert
dat ook de interne dynamische structuur van de galaxie weinig hinder ondervindt van absorptie door
interstellair stof. Dit zijn we in detail nagegaan in hoofdstuk 8. We beschouwen daarvoor een verza-
meling modellen van stofrijke melkwegstelsels, en creeren voor elk van deze modellen een verzameling
articiele data, waarbij absorptie in rekening is gebracht. Voor elk van deze data sets construeren we een
dynamisch model, evenwel zonder rekening te houden met stof, zoals in dynamische modelleerprocessen
tot nu toe altijd is gedaan. En door de waargenomen dynamische structuur van het model te vergelijken
met de intrinsieke structuur van het model waarvan de data zijn afgeleid, kunnen we de invloed van
interstellair stof op de schijnbare dynamische structuur onderzoeken. In het bijzonder onderzoeken we
hoe de schijnbare dynamische massa, massa-lichtkracht verhouding en baanstructuur afhangen van de
optische diepte en de ruimtelijke verdeling van het stof. In tegenstelling tot wat men zou verwachten
op basis van de ongevoeligheid van de waargenomen kinematica voor stof, is de schijnbare dynamische
structuur van melkwegstelsels wel onderhevig aan de eecten van absorptie. De reden hiervoor is dat
het lichtproel van de galaxie een belangrijke rol speelt in de dynamische modelleerprocedure, in het
bijzonder doordat de potentiaal in het algemeen uit het lichtproel wordt afgeleid. Aangezien absorptie
door stof dus wel degelijk van belang is bij de bepaling van de dynamische structuur van galaxieen,
pleiten we ervoor om stof in dynamische modelleerprocedures in rekening te brengen.
In het laatste hoofdstuk bouwen we ook verstrooiing in onze modellen in, en stellen daarvoor een
Monte Carlo routine op. In het eerste deel van deze thesis beklemtoonden we dat verstrooiing een
heel ander fysisch proces is dan absorptie, en dat de eecten van verstrooiing niet onderschat mogen
worden. Dit komt heel sterk tot uiting als we de eecten op de geprojecteerde kinematica onderzoeken.
Als verstrooiing immers in rekening wordt gebracht, kunnen fotonen van richting veranderen bij een
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interactie met een stofdeeltje, en bijgevolg op een andere gezichtslijn terechtkomen. Het netto eect
van verstrooiing is dat er een heel aantal fotonen, afkomstig uit het centrum van de galaxie, in de
buitenste gebieden van richting veranderen, en op de waarnemer afkomen via gezichtslijnen aan de
rand van de galaxie. Deze fotonen dragen de kinematische informatie van de sterren die hen hebben
uitgezonden, en deze hebben gemiddeld een vrij hoge snelheid. Bijgevolg zal de geprojecteerde dispersie
(een maat voor de gemiddelde snelheid langsheen een gezichtslijn) op gezichtslijnen aan de rand van
de galaxie gevoelig zal stijgen. Dit is heel belangrijk in verband met de observationele aanwijzingen
voor het bestaan van massieve halo's van donkere materie rond elliptische stelsels, die onder andere
zijn gebaseerd op een 'te hoge' dispersie aan de rand van galaxieen. Verstrooing door interstellaire
stofdeeltjes vormt een alternatieve verklaring voor dit verschijnsel, waardoor we dus kunnen besluiten
dat het aeiden van het bestaan van zulke halo's uit geprojecteerde kinematica, in het licht van deze
thesis in vraag moet gesteld worden.
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Appendix A
Special functions
A.1 The function W

(x)
For  > 0 and for all values of x, we dene the function W

(x) by the integral
W

(x) = 
Z
1
0
(1  t)
 1
cosh(xt) dt: (A.1)
For natural values of , the integral can immediately be solved in terms of elementary functions, for
example
W
1
(x) =
sinhx
x
(A.2)
W
2
(x) = 2
coshx  1
x
2
(A.3)
W
3
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sinhx+ x
x
3
: (A.4)
For non-integer values of  the integral can be calculated by expanding the cosh function,
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This power series converges absolutely for all values of x. Indeed, denoting the k'th term in the
expansion (A.5) as u
k
, we nd
lim
k!1
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k!1
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2
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= 0; (A.7)
and hence the power series converges absolutely, according to d'Alembert's convergence criterion. It
can be written as a hypergeometric function,
W
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
: (A.8)
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Figure A.1: The functions W

(x) and U

(x) as a function of x, for dierent values of  and  respectively.
Considering the expansion (A.5) we can also consider the special cases  = 0 and  =1,
W
0
(x) = coshx (A.9)
W
1
(x) = 1: (A.10)
In the left panel of gure A.1 we plot W

(x) as a function of x for a few values of . It is an even
function of x, increasing for positive x, the minimal value being W

(0) = 1 for all . Regarded as a
function of  for xed values of x, W

(x) it is a decreasing function, depending weakly on  for small
x and strongly for large x.
A.2 The function U
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For  >  2 and for 0 6 x 6 1 the function U
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ned as
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For all values of , U

(x) is an odd function of x, increasing for positive x, with
U

(0) = 0 (A.12)
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It satises the recursion formula
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With the seeds
U
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we nd a expression for U

(x) in the case that  is integer,
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such that we obtain for example
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For non-integer values of  it can be calculated conveniently in terms of the hypergeometric function,
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In the limit !  2 we nd the degenerate function
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! 2
U

(x) =
(
0 for 0 6 x < 1
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(A.20)
Because for  >  2, the function U

(x) is a monotonically rising function which maps the interval
[0; 1] on itself, the inverse function U
 1

(y) exists. An expression for this function is found by solving
the equation U

(x) = y for x and setting x = U
 1

(y). For general values of  this inversion has to
performed numerically, but for a number of special values it can be done analytically. For  =  1 and
 = 0 we nd immediately from (A.15) and (A.16),
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The inverse function for  = 2 is found by solving the cubic equation
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For 0 6 y 6 1 this equation has three real solutions,
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Because only the third root lies between 0 and 1, we obtain
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